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Abstract

This thesis is a study of geometric algebra and its applications to relativistic
physics. Geometric algebra (or real Clifford algebra) serves as an efficient
language for describing rotations in vector spaces of arbitrary metric sig-
nature, including Lorentzian spacetime. By adopting the rotor formalism
of geometric algebra, we derive an explicit BCHD formula for composing
Lorentz transformations in terms of their generators — much more easily
than with traditional matrix representations. This is used to straightfor-
wardly derive the composition law for Lorentz boosts and the concomitant
Wigner angle. Later, we include a gentle introduction to differential geome-
try, noting how the Lie derivative and covariant derivative assume compact
forms when expressed with geometric algebra. Curvature is studied as an
obstruction to the integrability of the parallel transport equations, and we
present a surface-ordered Stokes’ theorem relating the ‘enclosed curvature’
in a surface to the holonomy around its boundary.
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Part |.

Geometric Algebra and
Special Relativity



! This insight is part of
Felix Klein’s Erlangen
programme of 1872 [1],
wherein geometries
(Euclidean, hyperbolic,
projective, etc.) are studied
in terms of their symmetry
groups and their
invariants.

2 Clifford algebra (an alias)
was independently
discovered by Rudolf
Lipschitz two years later
[2]. Lipschitz was the first
to use them to the study
the orthogonal groups.

Chapter 1.

Introduction

The Special Theory of Relativity is a model of spacetime — the geome-
try in which physical events take place. Spacetime comprises the Eu-

clidean dimensions of space and time, but only in a way relative to each
observer moving through it: there exists no single ‘universal’ ruler or
clock. Instead, two observers in relative motion find that their respec-
tive clocks and rulers disagree, in accordance with the Lorentz transfor-

mation laws. The insight of special relativity is that one should focus
not on the observer-dependent notions of space and time, but on the
Lorentzian geometry of spacetime itself.

The study of local spacetime geometry amounts to the study of its in-
trinsic symmetries.! These consist of spacetime translations and Lorentz
transformations, the latter including rotations in space and hyperbolic
rotations in spacetime (boosts). The standard matrix representation of
the Lorentz group, SO+(1, 3), familiar to any relativist is the connected
component of the orthogonal group

0(1,3) = {A € GLR*) | ATnA =1}

with respect to the bilinear form n = +diag(—1,+1,+1,+1). The rudi-
mentary tools of matrix algebra are sufficient for an analysis of the Lorentz
group, but are not always the most suitable tool available.

The last century has seen many other mathematical objects be ap-
plied to the study of generalised rotation groups such as SO*(1,3) or
the R® rotation group SO(3). Among these tools is the geometric alge-
bra, invented® by William Clifford in 1878 [3] building upon the work



of Hamilton and Grassmann, which constitute the main theme of this
thesis.

Geometric algebra remains largely unknown in the physics commu-
nity, despite arguably being far superior for algebraic descriptions of ro-
tations than traditional matrix techniques. To appreciate this, we ought
to glean the history that led to the relative obscurity of Clifford algebras.

. The quest for an optimal formalism for rotations

Mathematics has seen the invention of a variety of vector formalisms
since the 1800s, and the question of which is best suited to physics has a
long and contentious history. Complex numbers had been long known?
to be useful descriptions of planar rotations. William Hamilton’s efforts
to extend the same ideas into three dimensions by inventing a “multipli-
cation of triples” bore fruition in 1843 when the quaternion algebra I,

defined by
i = 2=k =ijk = -1,

famously came to him in revelation. In following decades, William Gibbs
developed the competing vector calculus of R? with the usual vector
cross and dot products. The ensuing vector algebra “war” of 1890-1945
saw Hamilton’s prized* quaternion algebra pitted against Gibbs’ easier-
to-visualise vector calculus, with Gibbs’ calculus eventually dominating
because of their relatively easier learning curve. Today, quaternions are
generally regarded as an old-fashioned mathematical curiosity.

Despite this, various authors, in appreciating quaternions’ elegant
handling of R® rotations, have tried coercing them into Minkowski space
R'3 for application to special relativity [5-7]. This has been done in
various ways, usually by complexifying H into an eight-dimensional al-
gebra C ® I and then restricting the number of degrees of freedom as
seen fit [8, 9]. However, it is fair to say that quaternionic formulations
of special relativity never gained notable traction.

3 Since Wessel, Argand
and Gauss in the 1700s [4].

4 Hamilton had a
dedicated following in the
time: the Quaternion
Society existed from 1895
to 1913.



Chapter 1. Introduction

Il. The superior vector formalism for physics

Today, relativists are most familiar with tensor calculus, differential forms
and the Dirac y-matrix formalism, and have relatively little to do with

5

> See [4,10] formore  quaternions or derived algebras.> Arguably, this outcome of history

historical discussion of  j5 unfortunate: matrix descriptions of rotations cannot match the ef-

quaternions and their g jon ¢y of quaternions, yet quaternions remain ‘peculiar’ to many and

adoption in physics. e . . .
P Py are intrinsically tied to three dimensions.

In this respect, geometric algebra is a perfect middle-ground. Its rotor
formulation of rotations is algebraically efficient like the quaternions,
but is not specific to R*> — indeed, geometric algebra is general to any
dimension or metric signature. Furthermore, objects like vectors, bivec-
tors and k-vectors (familiar from exterior differential calculus) are first-
class objects in the geometric algebra, yet obey identical rotor transfor-
mation laws. Unlike exterior calculus, multivectors are often invertible,
making algebraic manipulation easy.

In quantum theory, Dirac’s y-matrix formalism is simply a matrix rep-
resentation of a geometric algebra (see section 3.2.3). Although some
physicists come away from quantum theory with the impression that
Clifford algebra is something inherently quantum, this is a misconcep-
tion: geometric algebra is applicable to vast areas of geometry and physics,

6 See [11] for discussion of ~ classical and quantum, and from elementary levels.®
diverse applications of
geometric algebra.

I1l. Outline of this thesis

Part I of this thesis introduces geometric algebra with emphasis on its re-
lation to other common structures in physics. The principal focus is then
on its applications to special relativity, where Lorentz transformations
are described as rotors in the geometric algebra. In chapter 5, this leads
to a novel technique for composing Lorentz transformations in terms of
rotor generators (also described in [12]).

Seven years after Albert Einstein introduced this theory,” he succeeded
in formulating a relativistic picture which included gravity. In this Gen-
eral Theory of Relativity, gravitation is identified with the curvature of



spacetime over astronomical distances. Both theories coincide locally
(i.e., when confined to sufficiently small extents of spacetime, over which
the effects of curvature are negligible). In part II, we extend the ideas of
part I to curved manifolds, and investigate some applications of the ge-
ometric algebra formalism in differential geometry.

7 Einstein’s paper [13] was
published in 1905, the
so-called Annus Mirabilis
or “miracle year” during
which he also published
on the photoelectric effect,
Brownian motion and the
mass-energy equivalence.
Each of the four papers
was a monumental
contribution to modern
physics.



8 A RING is a field which
does not require
commutativity nor the
existence of multiplicative
inverses.

Chapter 2.

Preliminary Theory

Many of the tools we will develop take place in various associative alge-
bras. As well as the geometric algebra of spacetime, we will encounter
tensors, exterior forms, quaternions, and other structures in this cate-
gory. Instead of defining each algebra axiomatically when needed, it is
easier to develop the general theory of associative algebras and then to
look at special cases.

Therefore, this section is an overview of the abstract theory of asso-
ciative algebras, which more generally belongs to ring theory.® Algebras,
quotients and gradings are defined, as well as tensors, multivectors and ex-
terior forms. Most definitions in this chapter can be readily generalised
by replacing the field IF with a ring. The excitable reader may skip this
chapter and refer back as needed.

2.1. Associative Algebras

Throughout, I denotes the underlying field of some vector space. (Even-
tually, IF' will always be taken to be R, but we may begin in generality.)



2.1. Associative Algebras

Definition 1. An ASSOCIATIVE ALGEBRA A is a vector space over I’ equipped
with a product ® : A x A — A which is associative and bilinear.

Associativity means (a ® b)) ® ¢ = a ® (b ® ¢) for a,b,c € A, while
bilinearity means the product is:

« compatible with scalars: (1a) ® b =a ® (Ab) = A(a ® b) for A € IF;
and

« distributive over addition: (a+b)®c = a®c+b® ¢, and similarly
fora® (b + ).

This definition can be generalised by relaxing associativity or by letting
IF be a ring. However, we will use “algebra” exclusively to mean an
associative algebra over a field (usually R).

I. The free tensor algebra

The most general (associative) algebra containing a given vector space
V is the TENSOR ALGEBRA V®. The tensor product ® satisfies exactly
the relations of definition 1 with no others. Thus, the tensor algebra is
associative, bilinear and free in the sense that no further information is
required in its definition.

As a vector space, the tensor algebra is equal to the infinite direct sum

ve=(PV*=Fove(VeNe(VeveV)e- (2.1)
k=0

where each V®* is the subspace of TENSORS OF GRADE k.

2.1.1. Quotient algebras

Owing to the maximal generality of the free tensor algebra, any other
associative algebras may be constructed as a quotient of V®. In order
for a quotient V® / ~ to itself form an algebra, the equivalence relation
~ must preserve the associative algebra structure.

Examples. Any field forms
an associative algebra
when considered as a
one-dimensional vector
space. The complex
numbers can be viewed as
a real 2-dimensional
algebra by defining ® to
be complex multiplication;
(x1, 1) ® (3, 1) =

(126, = Y1 Y2, X102 + Y1)

‘=" denotes notational
equivalence



Chapter 2. Preliminary Theory

Definition 2. A CONGRUENCE on an algebra A is an equivalence relation ~
which is compatible with the algebraic relations, so that ifa ~ a’ andb ~ b’
thena+b~a +b anda®b~a ®b'.

The quotient of an algebra by a congruence naturally has the structure
of an algebra, and so is called a QUOTIENT ALGEBRA.

Lemma 1. The QUOTIENT A/~ of an algebra A by a congruence ~, consist-
ing of equivalence classes [a] € A/~ as elements, forms an algebra with
the naturally inherited operations [a]+[b] := [a+b] and [a]®[b] := [a®D].

Proof. The fact that the operations + and ® of the quotient are well-
defined follows from the structure-preserving properties of the congru-
ence. Addition is well-defined if [a] + [b] does not depend on the choice
of representatives: if a’ € [a] then [a’] + [b] should be [a] + [b]. By
congruence, we have from a ~ a’ so that [a + b] = [a’ + b] and indeed
[a] + [b] = [a’] + [b]. Likewise for ®. N

Instead of presenting an equivalence relation, it is often easier to de-
fine a congruence by specifying the set of elements which are equivalent
to zero, from which all other equivalences follow from the algebra ax-
ioms. Such a set of all ‘zeroed’ elements is called an ideal.

Definition 3. A (TWO-SIDED) IDEAL of an algebra A is a subset I C A which
is closed under addition and invariant under multiplication, so that

« ifa,belthena+bcel;and

e ifrc Aanda€clthenr®acl>a®r.

We will use the notation I = {&;} to mean the ideal generated by
the relations @; ~ 0. For example, {a} = span{r®a®r’ |r,r’" € A} is
the ideal consisting of sums of products involving the zeroed element a.
fu®u|u €V}, or simply {u ® u}, is the ideal in V® consisting of sums
of terms of the form a ® u ® u ® b for vectors u and arbitrary a,b € Ve,



2.1. Associative Algebras

Lemma 2. An ideal uniquely defines a congruence, and vice versa, by the
identification of I as the set of zero elements,a € I < a ~ 0.

Proof. If ~ is a congruence, then I := {a|a ~ 0} is an ideal because it is
closed under addition (if a,b € Ithena+b ~0+0 =0soa+b € 1)
and invariant under multiplication (for any a € I and r € A, we have
roa~r®0=0=0®r~adr).

Conversely, if I is an ideal, then we show that ~ defined by a ~ b <
a—b e Iisacongruence. Leta ~ a’ and b ~ b’. Both addition

a—a €1l

= (a+b)— (@ +b)el < a+b~a +V
b-b el
and multiplication

(a—ad)®bel

@b—a @b €l ®b~a @b
a’@(b—b’)e]}=>a ¢ = ¢

are respected, so ~ is a congruence. ]

The equivalence of ideals and congruences is a general feature of ab-
stract algebra.’ Furthermore, both can be given in terms of a homomor-
phism between algebras,'? and this is often the most convenient way to
define a quotient.

Theorem 1 (first isomorphism theorem). If¥ : A — B is a homomor-
phism, between algebras, then

1. the relation a ~ a’ defined by ¥(a) = ¥(a’) is a congruence;
2. the kernel I := ker V¥ is an ideal; and

3. the quotients A/~ = A/I =V (A) are all isomorphic.

Proof. We assume A and B associative algebras. (For a proof in universal
algebra, see [14, §15].)

To verify item 1, suppose that ¥(a) = ¥(a’) and ¥(b) = ¥(b") and note
that ¥(a + a’) = ¥(b + b’) by linearity and ¥(a ® b) = ¥(a’ ® b’) from

? E.g., in group theory,
ideals are normal
subgroups and define
congruences, which are
equivalence relations
satisfying gag™' ~ id
whenever a ~ id.

104 homomorphism is a
structure-preserving map;
in the case of algebras, a
linear map ¥ : A - A’
which satisfies

Y(a®b) =%¥(a) & ¥(b).
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Y(a®b) =¥(a) ®¥(b), so the congruence properties of definition 2 are
satisfied.

For item 2, note that ker ¥ is a vector subspace, and that a € ker¥
implies a ® r € ker V¥ for any r € A since V(a®r) = ¥(a) ® ¥(r) = 0.
Thus, ker ¥ is an ideal by definition 3.

The first equivalence in item 3 follows from lemma 2. For an isomor-
phism @ : A/ker¥ — W¥(A), pick &([a]) = ¥(a). This is well-defined
because the choice of representative of the equivalence class [a] does
not matter; a ~ a’ if and only if ¥(a) = ¥(a’) by definition of ~, which
simultaneously shows that @ is injective. Surjectivity follows since any
element of ¥(A) is of the form ¥(a) which is the image of [a]. [

With the free tensor algebra and theorem 1 in hand, we are able to
describe any associative algebra as a quotient of the form V® / I.

Definition 4. The piMENsION dim A of a quotient algebra A = V® / I is
its dimension as a vector space. The BASE DIMENSION of A is the dimension
of the underlying vector space V.

Algebras of finite base dimension may be infinite-dimensional, as is
the case for the tensor algebra itself (which is a quotient by the trivial

ideal).

2.1.2. Graded algebras

Associative algebras may possess another layer of useful structure: a
grading. An example grading for the tensor algebra has already been
exhibited in eq. (2.1). Gradings generalise the degree or rank of tensors
or forms, and the notion of parity (even/oddness) for functions or poly-
nomials.

Informally, an algebra’s grading provides a labelling for some of its el-
ements, such that labels are combined simply (usually by addition) under
the algebra’s multiplication.

10



2.1. Associative Algebras

Definition 5. An algebra A is R-GRADED for (R, +) a monoid'! if there
exists a decomposition
A =P A

keR
such that Ai ® A] C Ai+j’ ie,ae€ Ai,b S A] = a®be Ai+j'

The monoid is usually taken to be additive over IN or Z, possibly mod-
ulo some integer. For instance, the tensor algebra V® is IN-graded, since
ifa € V®? and b € V®4 then a ® b € V®P*4. Indeed, V® is also Z-graded
if for k < 0 we understand V® := {0} to be the trivial vector space. The
tensor algebra is also Z ,-graded, where Z, = Z/p’Z. is addition modulo
any p > 0, since the decomposition

p—1 00
Ve = g}Zk where 7 = GEOV@’H”}’ = V& g y®k+p) g ...
=0 n=

satisfies Z; ® Z; C Z; whenk = i+ j mod p. In particular, V¥ is Z,-
graded,'? and its elements admit a notion of parity: elements of Z, =
F ® V®2 ® - are even, while elements of Z1=VeR® V®3 Q - are odd,
with parity respected by ® as it is for the integers.

Just as not all functions f : R — R are even or odd, not all elements
of a Z,5-graded algebra are even or odd. More generally, not all elements
of a graded algebra belong to a single graded subspace.

I. Graded derivations

Derivative-like operators which obey the product rule enjoy the alge-
braic properties of a derivation. In graded algebras, operators can also
obey a ‘graded product rule’.

Definition 6. A d-DERIVATION or DERIVATION OF DEGREE d on a graded
algebra (A, ®) is a linear operator D satisfying

Da®b)=Da) @b+ (-1)%a® (Db) (2.2)

foralla € Ap andb € A.

11

' A Moo is a group
without the requirement
of inverses; i.e., a set with
an associative binary
operation + for which
there is an identity
element.

12 Algebras which are
Z.,-graded are sometimes
called superalgebras, with
the prefix ‘super-’
originating from
supersymmetry theory.
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A DERIVATION is short for a 0-derivation, always obeying D(a & b) =
(Da)®b+a®(Db); and an ANTI-DERIVATION is short for a 1-derivation.

Lemma 3. If Dy and D, are derivations of degree d; and d,, respectively,
then the commutator [Dy,D,] = D; Dy — D, Dy is a (d; + dy)-derivation if
and only if d| + d, is even. Similarly for the anti-commutator {D{, Dy} =
D Dy + Dy Dy, only instead when d; + d, is odd.

Proof. By unpacking [Dy,D,](a ® b) where a is of grade k and applying
eq. (2.2), we see that the last unwanted term in

[Dy,Dz](a ® b) = ([Dy,Dyla) ® b + (~1)“+@kg @ ([Dy, D, ]b)
— (D% = (~)EF) (D1 @) ® (Dy ) — (D, ) ® (D)D)

vanishes when (—1)% — (=1)% = 0, or when d; + d, is even. The case
of {D;,D,} is identical except that the unwanted term involves (-D% +
(—1)% rather than a difference, vanishing when d; + d, is odd. ]

Il. Graded quotient algebras

A grading structure may or may not be inherited by a quotient — in
particular, not all quotients of V® inherit its Z-grading. When reasoning
about quotients of graded algebras, the following fact is useful.

Lemma 4. Quotients commute with direct sums, so if

A=A and I=EPL then A/ =(A/k)

keR keR keR

where R is some index set.

Proof. 1t is sufficient to prove the case for direct sums of length two. We
then seek an isomorphism @ : (A@® B)/(I® J) —» (A/I)®(B/]).Ele-
ments of the domain are equivalence classes of pairs [(a, b)] with respect
to the ideal I @ J. The direct sum ideal I @ J corresponds to the con-
gruence defined by (a,b) ~ (a’,b’) < a ~ a’ and b ~ b’. Therefore,
the assignment @ = [(a,b)] — ([a], [b]) is well-defined. Injectivity and
surjectivity follow immediately. ]

12



2.2. The Wedge Product: Multivectors

The general non-preservation of gradings motivates strengthening
the notion of an ideal:

Definition 7. An ideal I of an R-graded algebra A = @ycg Ay is HOMO-
GENEOUS if I = @peg I where I, = I n Ay.

Not all ideals are homogeneous.'®> The additional requirement that an
ideal be homogeneous ensures that the associated equivalence relation,
as well as respecting the basic algebraic relations of definition 2, also
preserves the grading structure. And so, we have a ‘graded’ analogue to
lemma 1:

Theorem 2. If A is an R-graded algebra and I a homogeneous ideal, then
the quotient A/I is also R-graded.

Proof. By lemma 4 and the homogeneity of I, we have

A/T = A/ L.

keR

Elements of Ay /I are equivalence classes [a;| where the representative
is of grade k. Thus, (AP/IP) ® (Aq/Iq) C Ap+q/Ip+q since [a,] @ [a4] =
[a, ® a4] = [b] for some b € A, 4. Hence, A/I is R-graded. u

2.2. The Wedge Product: Multivectors

Perhaps the simplest (yet most useful) nontrivial quotient of the tensor

algebra is the exterior algebra, first popularised in 1844 [15] by Hermann

Grassmann, who called it the theory of “extensive magnitudes”.!*

Definition 8. The EXTERIOR ALGEBRA over a vector spaceV is
AV = Ve [fueu}.

The product in AV is called the WEDGE PRODUCT, denoted A.

13

13 For example, the ideal
I={e, +e,®e}is
distinct from

@:’:0([ n V®k) =

{e,, e, ® e} because the
former does not contain
span{e, }, while the latter
does.

14 Ausdehnungslehre in the
original German.

furul={uu|ucV}
is the ideal defined by

u ® u ~ 0 for any vectors
ueV.



15

Proof. Blades of the form
a = u; A+ A vanish when
two or more vectors are re-
peated. If {u} is linearly
dependent, then any one y;
can be written in terms of
the others, and thus a can
be expanded into a sum of

such vanishing terms. [

16 This follows because
fu ® u} is generated by
grade 2 elements
u®uecVe®,

Chapter 2. Preliminary Theory

The wedge product is also called the exterior, alternating or antisym-
metric product. The property suggested by its various names is easily
seen by expanding the square of a sum:

u+v)A(u+v)=usru+unrv+vau+vav.
Since all terms of the form w A w = 0 are definitionally zero, we have
UAV=—VAU

for all vectors u,v € V. By associativity, it follows that v; A vy A -+ A Vg
vanishes exactly when the v; are linearly dependent.!®

The ideal {u ® u} is homogeneous with respect to the Z-grading of
the parent tensor algebra,!® and hence AV is itself Z-graded (by theo-
rem 2). In particular, the decomposition into fixed-grade subspaces

dimV
NV = @ ARV where AV = span{v; Avy A AV |V € VY,
k=0
is respected by the wedge product, i.e., (APV) A (ATV) C APFIV,
Definition 9. An element of ARV is a (HOMOGENEOUS) k-VECTOR. An ele-

ment of/\le @ - ® NV C AV is an (INHOMOGENEOUS) {k1, ... , kp}-MuL-
TIVECTOR.

All non-zero multivectors are the sum of one or more ‘irreducible’
elements, called blades.

Definition 10. A k-BLADE is a term of the formuy A - Auy foru; € V.

Note that not all k-vectors are blades. For example, the bivector u; A
u, + uz A uy is generally not factorizable into a single 2-blade.

By counting the number of possible linearly independent sets of k
vectors in dim V dimensions, it follows that in base dimensiondimV = n,

dim AkV = (Z) and hence dim AV = 2"

14
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In particular, note that dim A*V = dim A" XV, Elements of the one-
17

dimensional subspace A"V are called PSEUDOSCALARS.

Blades have direct geometric interpretations. The bivector u A v is in-
terpreted as the directed planar area spanned by the parallelogram with
sides u and v. (Note that blades have no ‘shape’; only directed magni-
tude.) Similarly, higher-grade elements represent directed (hyper)vol-
ume elements spanned by parallelepipeds (see fig. 2.1). In fact, any k-
blade may be viewed as a subspace of V with an oriented scalar magni-
tude:

Definition 11. The sPAN of a non-zero k-blade b = uy A -+ A uy. is the k-
dimensional subspace span{b} = span{uy, ..., ux}. The span of the trivial
blade is defined to be the zero-dimensional subspace.

Notably, a blade’s span is independent of the particular A-decomposition

of the blade into vectors. (E.g., if u; A -+ Aug = v; A -+ A Vg are two such
decompositions, then span{u;} = span{v;}.)

2.2.1. As antisymmetric tensors

The exterior algebra may equivalently be viewed as the space of anti-
symmetric tensors equipped with an antisymmetrising product. Con-
sider the map

Symi(ul Q- Qu) = % Z (il)gua(l) ® - @ Ug(k) (2.3)
T o€,
where (—1)° denotes the sign of the permutation ¢ in the symmetric
group of k elements, S;. By requiring linearity, Sym™ : V® — V® is
defined on all tensors. A tensor A is called syYMMETRIC if Sym™ (A) = A
and ANTISYMMETRIC if Sym (A) = A.

Denote the image Sym (V®) by S. The linear map Sym™ : V® — S
is not an algebra homomorphism with respect to the tensor product on
S, since, e.g.,

Sym (u®v) = %(u Qv—vQu)#u®v=Sym (u)®Sym (v).

15

17 The prefix ‘pseudo’
means k — n — k. Hence, a
pseudovector is an

(n — 1)-vector, etc.

UNV AW
w
unv

Fig. 2.1.: Bivectors and
trivectors have
orientations induced by
the order of the wedge
product.
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Proof f A =u;, ® - @ u,
where two vectors u; = u;
are equal, then Sym (A) =
0 since each term in the
sum in eq. (2.3) is paired
with an equal and opposite
term with i < j swapped.
If {u;} is linearly dependent,
any one vector is a sum of
the others, so A is a sum
of blades with at least two
vectors repeated. O

19 Written here with Sym
including the factor % as
in (2.3).

20 E.g., Misner, Thorne,
Wheeler [18]; Flanders
[19]; Sharpe, Chern [20].
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However, Sym™ is a homomorphism if we instead equip S = (S, A) with
the antisymmetrising product A : S xS — S defined by

AAB:=Sym (A® B). (2.4)
With this algebra homomorphism, by theorem 1 we have
S=V®/kerSym" . (2.5)

Furthermore, note that the kernel of Sym consists of tensor products
of linearly dependent vectors, and sums thereof,'®

ker Sym = span{u; ® - ® uy | k € IN, {y;} linearly dependent},

which is exactly the ideal {u ® u}. Therefore, the right-hand side of
eq. (2.5) is identically the exterior algebra of definition 8. Hence, we
have an algebra isomorphism Sym™ (V®) = AV, where the left-hand side
is equipped with the product (2.4). This gives an alternative construction
of the exterior algebra as the subalgebra of antisymmetric tensors.

I. Note on normalisation conventions

The factor of % present in eq. (2.3) is not necessary to derive the isomor-
phism Sym™ (V®) = AV. Indeed, some authors omit the normalisation
factor, which has the effect of changing eq. (2.4) to!’

AAB

= —(p —:_ ?)' Sym (A ® B)

for A and B of respective grades p and q. These different normalisations
of A lead to distinct identifications of multivectors in AV with tensors in
S c V®, as in table 2.1.

Both conventions are present in literature. We employ the Kobayashi-
Nomizu convention for AV as this coincides with the wedge product of
geometric algebra (see chapter 3). However, the Spivak convention is

dominant for exterior differential forms in physics.?°

16



2.2. The Wedge Product: Multivectors

Kobayashi—-Nomizu [16] Spivak [17]
AAB:=Sym (A® B) A/\B—(p q)Sym (A® B)
u/\vzé(u®v—v®u) UANV=UQRQV—VOuU

Table 2.1.: Different embeddings of AV into V®.

2.2.2. Exterior forms

The wedge product is most frequently encountered by physicists as an
operation on exterior (differential) forms, which are alternating®! multi-
linear maps. We could use the exterior algebra AV™ over the dual space
of linear maps V — R as a model for exterior forms, though we will not
choose to do this, instead defining them separately.

As to why, consider AV* as a model for exterior forms. Any element
F € AfV* has component form F = F,. e A+ ne' for a basis {e'} c V*.
By identifying AV* C (V*) as antisymmetric tensors, each component
actsonu; ® - Quy € VO ag

(eil A A elk)(ul R R uk) = Z( 1)0- lU(l)(ul) O'(k)(uk)
O'ESk

=0 det[eim(un)] - (2.6)

However, this differs from the standard definition of exterior forms (as
in [17, 18]) in two important ways:

1. In eq. (2.6), the dual vectors €' € V* are permuted while the order
of the arguments u; are preserved; but for standard exterior forms,
the opposite is true. This forbids the proper extension of AV* to
non-Abelian vector-valued forms, where the values €'(u ;) may not
commute.

2. More trivially, we shall insist on the Kobayashi—Nomizu conven-
tion of normalisation factor for AV”; but the Spivak convention
for exterior forms is much more common in physics.

For these reasons, we define exterior forms as distinct from AV™.

17

21 An ALTERNATING linear
map is one which changes
sign upon transposition of
any pair of arguments.
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Definition 12. For a vector space V over I, a k-FOrRM ¢ € Qk(V) is an
alternating multilinear map ¢ : V¥ - T.

For another vector space A, an A-VALUED k-FORM @ € Of (v, A) is such
a map with codomain A (instead of I¥').

The evaluation of a form is denoted p(u; ® - @uy.) or p(uy, ..., ), and
the wedge product of a p-form ¢ and g-form ¢ is defined (in the Spivak
convention) as

|
rg= pfq‘!’)' (0®¢)oSym™. 27)

Equation (2.7) acts to antisymmetrise arguments. Explicitly, choose a
basis {6#} of Q(V), and compare to eq. (2.6),

O A A0y ® - Quy) = Z (170" (ug (1)) -+ O (ug(ie))-

OES;

l. Algebra—valued forms

If p,p € Q(V, A) are A-valued forms, where A is a vector space with a
bilinear product ® : Ax A — A, then their wedge product is

AP @~ @u)= > (—1)7¢u; ® ~ @u,) ® p(u; ® - ® uy).
€S,

Note that ® replaces scalar multiplication as the natural product be-
tween the forms’ valuations. Thus we may have matrix—valued forms
where ® is matrix multiplication, or vector-valued forms with the ten-
sor product — but ® need not be commutative nor associative.

In particular, we may have Lie algebra—valued forms, taking the Lie
bracket [ , ] to be the bilinear product. For example, if ¢, ¢ € Q'(V, )
for a Lie algebra g, then

(0 1 ), v) = [p(w), (V)] = [o(v), $()].

Note that ‘wedge-squares’ pa@ do not necessarily vanish for non-Abelian
1-forms. For the example above, (¢ A ¢)(u,v) = 2[p(u), p(v)].

18
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2.3. The Metric: Length and Angle

The tensor and exterior algebras considered so far are built from a vector
space V alone. Notions of length and angle are central to geometry, but
are not intrinsic to a vector space — this additional structure may be
provided by a metric.

Definition 13. A METRIC?? is a functionn : VxV — T, often written

(u,v) = n(u,v), which satisfies
« symmetry, {(u,v) = (v,u); and

o linearity, (au + pv,w) = a(u,w) + f(v,w) fora, p € .

By symmetry n is bilinear. Note we do not require (u, v) to be non-
negative, or for 7 to satisfy the triangle inequality.?®

A metric is NON-DEGENERATE if (u,v) = 0 for all u implies that v is
zero. With respect to a basis {e;} of V, the metric components 7;; =
<el-, ej> are defined. Non-degeneracy means that detn # 0 when viewing
n = [n;;] as a matrix, and in this case the matrix inverse 1" is also defined
and satisfies ryikrykj = 5; Throughout, we will not have need to consider

24

degenerate metrics,“* so we assume non-degeneracy.

A non-degenerate metric n on a real vector space has SIGNATURE (p, q)
if it has a matrix representation

[7;;] = diag(1,...,1, = 1,...,-1)
—— —_—_—
p q

with respect to some basis. This is well-defined, because the metric has
this representation with respect to all orthonormal bases (up to permu-
tations on the basis vectors).

A vector space V together with a metric 7 is called an INNER PRODUCT
spACE (V,n). Alternatively, instead of a metric, an inner product space
may be constructed with a quadratic form:

Definition 14. A QUADRATIC FORM is a function q : V — I satisfying

19

22 3ka. an inner product,

or symmetric bilinear form

23
lu+v| < Jul + |v]
where |u]? = (u, u)

24 Degenerate signatures
do find use in computer
graphics, especially via
projective geometric
algebra [21, 22].



25 Except, of course, if the
characteristic of IF is two.
We only consider fields of

characteristic zero.
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e g(Av) = A2q(v) forall A € F; and
« the requirement that the POLARIZATION OF q,
(u,v) = q(u+v) — q(u) — q(v),
is bilinear.
To any quadratic form g there is a unique associated bilinear form,

which is compatible in the sense that q(u) = (u,u). It is recovered?> by
the polarization identity

(,v) = 5(alu+ ) - g(w) - 4().

The prescription of either 1 or q is therefore equivalent — but the no-
tion of a metric is more common in physics, whereas the mathematical
viewpoint often starts with a quadratic form.

I. Covectors and dual bases

The dual space V* := {f : V — I | f linear} of a vector space consists
of DUAL VECTORS or COVECTORS, which are linear maps from V into its
underlying field. Summation convention dictates that components of
vectors be written superscript, u = u'e; € V, and covectors subscript,
@ = ¢’ € V*, for bases {;} C V and {e'} c V*.

A metric 7 onV defines an isomorphism between V and its dual space.
Collectively known as the MUSICAL ISOMORPHISMS, the maps b : V — V*
and its inverse # : V* — V are defined by

u*(v)=(uw,v) and (¢, u) =)

foru,v € V and ¢ € V*. The names become justified when working with
a basis: the relations

W) =n/ and (¢°) =1y

show that b lowers indices, while # raises them.
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Even without a metric, a choice of basis {€;} C V defines a DUAL BA-
SIS {ei} C V* or V via ei(ej) = 5; Note that basis vectors and covectors
defined in this way do not exist in the same vector space, but are re-
lated by their evaluation on one another. Given a metric, we may use
the musical isomorphisms to transport basis vectors between V and V”,
leading to the relationship €' = 5/ e;' . This motivates the definition of a
RECIPROCAL BASIS €' == 1/ ej, where the musical isomorphism is omitted,
and everything belongs to the same space V. Then, dual and non-dual
(reciprocal) basis vectors are related via <ei, ej> = 51’

In practice, V* is never needed in the geometric algebra, but we still
speak of ‘dual bases’ and ‘dual vectors’, in the sense of reciprocal bases.

2.3.1. Metrical exterior algebra

In an exterior algebra AV with a metric defined on V, there is an induced
metric on k-vectors defined by

> Dy, Voa)) - (ks Vo)

O'ESk

= det[{upy, up) |- (2.8)

Up A AU, VI A A Y
k k

In particular, a metric on AV defines a magnitude for pseudoscalars.

Definition 15. Let V be an n-dimensional vector space with a metric. The
two VOLUME ELEMENTS I € A"V of the metrical exterior algebra AV are
pseudoscalars satisfying (I,T) = 1.

Each volume element differs by a sign, and a choice of volume element
defines an ORIENTATION.

Given an ordered orthonormal basis {e;} with (e;, ¢;) = +1, the basis is
called right-handed if e; A --- A e, = I is the chosen volume element, and
left-handed otherwise.

21

Note that I is not the
identity matrix, 1. It is
more analogous to the
complex unit i, with
square I = +1 depending
on dimension and metric.
Similar notation is used in
[11, 23, 24].



Hodge duality: [18, 19],
[25, §16].

The LEVI-CIVITA SYMBOL
& ..; is the unique
totally-antisymmetric

tensor with ¢,..,, = 1.

Chapter 2. Preliminary Theory

. Hodge—dual multivectors

A useful duality operation can be defined in an exterior algebra AV with
ametric and orientation, which relates the k- and (n—k)-grade subspaces.

Definition 16. Let AV be a metrical exterior algebra with base dimension
n and volume element 1. The HODGE DUAL * is the unique linear operator

satisfying
An*B=(A B)I (2.9)

or any k-vectors A, B € Nfy
for any

The Hodge dual » : AV — A" KV defines an isomorphism be-
tween pairs of fixed-grade subspaces of the same dimension; in particu-
lar, scalars with pseudoscalars via x1 = .

Lemma 5. The Hodge dual of a p-vector A = Ail"'ii’e,-1 A ne has com-
ponents

(*A)jl"'jq _ iA gil"'ipjl"'jq
p! 5] lp

_ jik P I i
where A; i =1 j, 1, AP and ¢ = gLl gg

»Jp

Proof. We will show this by writing AA*B = (A, B) I in component form
and rearranging for xB. The left-hand side is
AnxB= A" (xBY1 g e, N A€ Nej N Ae
— All---lp (*B)]I]q glllpjqu]:[,

while the right-hand side is (A, B)I = Ail"'iPBil...,- I. Equating coefhi-
»
cients yields

ivlge, . =B .
(*B) Uiy oy = B,l...,p.

Finally, contracting with gl ipkiskg gives

(*B)kl'"kq _ %Bil...ipgilmipklmkq
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since El-l...ipjl...quil"'ipkl"'kq = (—1)? p! where o is the permutation sending
ji = k;. The factor of (—1)° is absorbed since (*BY' 4 = (—1)0(*B)k1"'k‘1.
Replacing B — A is the result as written. ]

Lemma 6. The inverse Hodge dual of a k-vector A is
x 1A = (_1)5(_1)k(n—k) x A
where s = trn is the signature of the metric.
Proof. It is much easier to work in the (yet to be defined) geometric alge-
bra, referring forward to 3.2.4.11 for the relation x A = AL Then, x 1A =

(AT D since x 1+ A= (AT )T = Aand » 1 A = (AT"H)TTI = A.
Translating this back into AV,

« 1A = (AITHT
= Jp_p A1 since AI"! is of grade n — k;
= Ik ATT! since A is of grade k;

= (—1)°3,9;3,k ATT  since I"! = (=1)*IT = (—=1)*4,I;
= (-1)°(=1)K %) « A by simplifying with eq. (3.4).
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T is reversion; eq. (5.2).
Jr = £1 is the reversion

sign; eq. (3.4).



26 In fact, some authors
[19] leave inhomogeneous
elements of AV undefined.

27 This was Clifford’s
original name, but it was
only popularised by David
Hestenes in the 1970s

[24, 26].

Chapter 3.

The Geometric Algebra

In chapter 2, we defined the metric-independent exterior algebra over a
vector space V, in which metrical operations may be later achieved by
introducing the Hodge dual. The geometric algebra, however, gener-
alises AV and has the metric (and its concomitant notions of orientation
and duality) directly built-in to the product.

Another point of difference is the role of inhomogeneous elements.
While they find little use in exterior algebra,?® inhomogeneous multi-
vectors in &(V,n) are central to the description of reflections, rotations
and spinors.

Geometric algebras are also known as real Clifford algebras CI(V, q)
after their first inventor [3]. Especially in mathematics, Clifford algebras
are defined in terms of a quadratic form g, and the vector space V may be
complex. On the other hand, in physics, where V is taken to be real and
a metric 7 is usually supplied instead of g, the name “geometric algebra”
is preferred.?’

3.1. Construction and Overview

Informally put, the geometric algebra is obtained by enforcing the single
rule

u? = (u,u) (3.1)

24



3.1. Construction and Overview

for any vector u, along with the associative algebra axioms of defini-
tion 1. The richness of structure following from this simple rule is re-
markable. Formally, we may define the geometric algebra as a quotient,
as we did for AV.

Definition 17. LetV be a finite-dimensional real vector space with metric
n(u,v) = (u,v). The GEOMETRIC ALGEBRA overV is

GV, n)=V®/fu®u—(uu}.

If the metric has signature (p, q), then we also denote E(V,n) = E(p, q).

The ideal defines the congruence generated by u ® u ~ (u,u), en-
coding eq. (3.1). This uniquely defines the associative (but not generally
commutative) geometric product which we denote by juxtaposition.

As 2"-dimensional vector spaces, (V,n) and AV are isomorphic, each
with a (Z)-dimensional subspace for each grade k. Denoting the k-grade
subspace &.(V,n), we have the vector space decomposition

G(v.n) = P Gv.n).
k=0

Note that this is not a Z grading of the geometric algebra: the quotient
is by inhomogeneous elements u ® u — (u, u) € V®? @ V®°, and therefore
the geometric product of a p-vector and a g-vector is not generally a
(p + q)-vector. However, the congruence is homogeneous with respect
to the Z,-grading, so &(V,n) is Z,-graded. This shows that the algebra
separates into ‘even’ and ‘odd’ subspaces

G (V1) = Bz Gar (V. 1)

g(‘/> ’7) = g‘l—(va ’7) © g—(va ’7) where 00
(V. n) = Br=o Gak+1(V. 1)

where &, (V,n) is closed under the geometric product, forming the EVEN
SUBALGEBRA.

25
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. The geometric product of vectors

By expanding (u + v)? = (u + v, u + v), it directly follows that
(u,v) = %(uv + vu).

We recognise this as the symmetrised product of two vectors. The re-
maining antisymmetric part coincides with the alternating or wedge prod-
uct familiar from exterior algebra

uAv = %(uv —vu).

This is a 2-vector, or bivector, in &5(V, ). Thus, the geometric product
on vectors is

unv |2
v < 1 uv = (uw,v) +unv, (3.2)
(w,v) |0 and some important features are immediate:
Fig. 3.1.: Grade diagram « Parallel vectors commute, and vice versa: If u = Av, thenuarv =0
for eq. (3.2). and uv = (u,v) = (v,u) = vu.

« Orthogonal vectors anti-commute, and vice versa: If (u,v) = 0, then
UV =UAV=—VAU=—VU

In particular, if {e;} C V is an orthonormal basis, then we have e? = (e;, ¢;)
and e;e; = —eje;, which can be summarised by the anticommutation re-
lation e;e; + eje; = 2n;;.

« Vectors are invertible under the geometric product: If u is a vector
for which the scalar u? is non-zero, then u™! = u/u?.

« Geometric multiplication produces objects of mixed grade: The prod-
uct uv has a scalar part (u, v) and a bivector part u A v.

Il. Higher-grade elements

As with two vectors, the geometric product of two homogeneous multi-
vectors is generally inhomogeneous. We can gain insight by separating
geometric products into grades and studying each part.
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Definition 18. The GRADE PROJECTION operator is defined on blades by

A ifA=u ANy
(A = , :
0 otherwise

and on general multivectors by linearity.

We can generalise the definition of the wedge product of vectors u A
v = (uv), to arbitrary homogeneous multivectors by taking the highest-
grade part of their product,

AnB=(AB),,.

where A € Z,(V,n) and B € ,(V,n). Dually, we can define an inner
product on homogeneous multivectors by taking the lowest-grade part,
|p — q|.- These are extended by linearity to inhomogeneous elements.

Definition 19. Let A, B € E(V,n) be possibly inhomogeneous multivectors.
The WEDGE PRODUCT IS

AnBi= T {(A)(B),)

+ b
pq b
and the GENERALISED INNER PRODUCT, or “fat” dot prooluct,28 is 28 Viarious distinct ‘inner
products’ have been
A+*B:= Z<<A>p<B>q>| o proposed, but the
pq P4 definitions here (and in

section 3.3) are arguably
the simplest and best
With the wedge product defined on all of Z(V, 1), we use language of  behaved; see [27] for

multivectors as we did with the exterior algebra, so that u; A - Ay €  detailed discussion.
€1 (V,n) is a k-blade, and a sum of k-blades is a k-multivector, etcetera.

The products in definition 19 work together nicely; the induced met-
ric on k-vectors introduced in section 2.3.1 is expressible in any of the
following ways.

(A,B) =3, (AB) = (ATB) = (ABT) = AT-B=A-BT,  (33) 2 =(1D"""see39)

The reversion is necessary because the vectors in the product of two
blades (e;, - ¢; )(e;j, - e;,) are paired ‘inside first’.
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3.2. Relations to Other Algebras

An efficient way to become familiar with the geometric algebra is to
exemplify its relationships with itself and other common algebras.

3.2.1. Fundamental algebra automorphisms

Operations such as complex conjugation AB = AB or matrix transpo-
sition (AB)T = BT AT are useful because they preserve or reverse mul-
tiplication. Linear functions with this property are called algebra auto-
morphisms or antiautomorphisms, respectively. The geometric algebra
possesses several important (anti)automorphism operations.

Isometries of an inner product space (V,n) are linear functions which
preserve the metric, so that ( f(u), f(v)) = (u,v) for all u,v € V. The
involution isometry u — —u is always present, as well as the trivial
isometry u — u.

An isometry f extends uniquely to an algebra (anti)automorphism by
defining f(AB) = f(A)f(B) or f(AB) = f(B)f(A). Thus, by extending
the two fundamental isometries of (V,n) in the two possible ways, we
obtain four fundamental (anti)automorphisms on &(V,n).

Definition 20. Let u € &;(V,n) be a vector and A, B € &(V,n) possibly
inhomogeneous multivectors in a geometric algebra.

« REVERSION 7 is the identity map on vectorsu' = u extended to gen-
eral multivectors by the rule (AB)T = BTAT.

« GRADE INVOLUTION * is the extension of the involution u* = —u to
general multivectors by the rule (AB)* = A*B*.

Note that if A € G (V,n) is a k-vector, then A* = (-1)*A and AT =
31 A where the REVERSION SIGN

(k—1Dk

s = (—1)(2) = (=1) = (3.4)
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is the sign of the reverse permutation on k symbols.

Reversion and grade involution together generate the four fundamen-
tal automorphisms

id | *  automorphisms

T | xo T anti-automorphisms

which form a group isomorphic to Z% under composition.

These operations are very useful in practice. In particular, the follow-
ing result follows easily from reasoning about grades.

Lemma 7. If A € Gi(V,n) is a k-vector, then A? is a AIN-multivector, i.e.,
a sum of blades of grade {0, 4,8, ...} only.

Proof. The multivector A? is its own reverse, since (AT = (AT =
(+A)? = A?, and hence has parts of grade {4n,4n + 1| n € IN}. Similarly,
A? is self-involutive, since (A%)* = (4*)? = (£A)? = A® It is thus of
even grade, leaving the possible grades {0, 4,8, ...}. ]

3.2.2. Even subalgebra isomorphisms

As noted above, multivectors of even grade are closed under the geo-
metric product, and form the even subalgebra &, (p, q). There is an iso-

morphism &, (p,q) = €,(q, p) given by ¢; := e; with opposite signature

e",-2 = —el-z, since the factor of —1 occurs only an even number of times

for even elements.

The even subalgebras are also isomorphic to full geometric algebras
of one dimension less:

Lemma 8. There are isomorphisms

G.(p9) =% (p.q—1) and Z(p.q) =% gqp-1)

when q > 1 and p > 1, respectively.

29
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Proof. Select a unit vector u € E(p,q) with u? = —1, and define a linear
map ¥, : ¥(p,q—1) = F.(p,q) by

A if A is even

v .(A) = )
u(4) Anu if Aisodd

Note we are taking &(p,q — 1) C E(p, q) to be the subalgebra obtained
by removing u (i.e., restricting V to ul) so there is a canonical inclusion
from the domain of ¥, to the codomain. Let A € E(p, g—1) be a k-vector.
Note that A Au = Au since u L Z(p,q — 1), and that A commutes with
u if k is even and anticommutes if k is odd.

To show ¥, is a homomorphism, suppose A, B € &(p,q — 1) are both
even; then ¥,,(AB) = AB = ¥,(A)¥,(B). If both are odd, then ABis even
and ¥,(AB) = AB = —ABu? = AuBu = ¥,(A)¥,(B). If A is odd and B
even, then ¥,(AB) = ABu = AuB = ¥,(A)¥,(B) and similarly for A
even and B odd. Injectivity and surjectivity are clear, so ¥, is an algebra
isomorphism. [

The special case &,(1,3) = &(3) is of great relevance to special rel-
ativity, and is discussed in detail in section 4.1. Here the isomorphism
¥, is called a space/time split with respect to an observer of velocity u.
This provides an impressively efficient algebraic method for transform-
ing relativistic quantities between inertial frames.

3.2.3. Common algebra isomorphisms

Many familiar algebraic structures in classical, relativistic and quantum
physics are in fact special cases of geometric algebra.

« Complex numbers: &, (2) = C

The complex plane C = spang{l,e;e,} embeds into &(2) as the
even subalgebra, with the isomorphism

Cox+iy e x+yee, € T,(2)

Complex conjugation in C coincides with reversion in &(2).
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« Quaternions: &, (3) = H

Similarly, the quaternions are the even subalgebra &, (3), related

by the isomorphism?’ 29 Note the minus sign.
. . R Viewed as rotations
go + g1t + 2] + g3k < qo + q1€2€3 — gae3€1 + 3165 through their respective

) ) . . . . normal planes, (i, J, ’;’)
Again, quaternion conjugation corresponds to reversion in &(3). ¢ . fi-handed basis.

This is because Hamilton
« Complexified quaternions: &, (1,3) = C® H chose ijk = —1, not +1.

The complexified quaternion algebra, which has been applied to
special relativity [6, 8, 9], is isomorphic to the subalgebra &, (1, 3).
The isomorphism
C®H > (x +yi) ® (o + q1i + 2] + gsk)
(x + yeo123)(qo + q1€23 — gz€31 + g3e12) € F1(1,3)

associates quaternion units with bivectors, and the complex plane
with the scalar—pseudoscalar plane. Reversion in &(1,3) corre-
sponds to quaternion conjugation (preserving the complex i).

« The Pauli algebra: Z(3) = {al-}is:l

The algebra of physical space, €(3), admits a complex representa-
tion e; «— o; via the Pauli spin matrices

0 +1 0 —i +1 0
01 = s Oy = . s 03 = .
+1 O +i 0 0 -1

Reversion in €(3) corresponds to the adjoint (Hermitian conju-
gate), and the volume element I := ey3 «— 070903 = i corre-
sponds to the unit imaginary.

3
« The Dirac algebra: ¥(1,3) = {yﬂ}pzo

The relativistic analogue to the Pauli algebra is the Dirac algebra,
generated by the 4 x 4 complex Dirac matrices

_(+1 0 [ 0 +o ([ 0 —ioy [ 0 Ho3
W=lo -1 "Tlgy o) " \4ie, o) BT \ey o)

31



Right contraction | is
defined in section 3.3.
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These form a complex representation of the algebra of spacetime,
€(1,3), via e, < ¥, Again, reversion corresponds to the adjoint,

and I := egejeze3 < yoy1y2y3 = —iys.
« Creation and annihilation operators

In an interesting example which is fundamentally different to those
above is the algebra of ladder operators’ appearing in the quan-
tum theory of fermions. Defined by the anticommutation relations

{a,a;} =0, {ai,a;-‘} = jj, {a;‘,a;f} =0,
these operators are embedded in (complex) Clifford algebras as

a(Y)=eny and ay)=¢ |y

where e; represents a fermion in state i, and e; ne; = —e; re; a two-
fermion state [28]. Much more can be said about applications of
geometric and Clifford algebras to quantum mechanics [11, §8-9],
though that would divert us from the present subject.

3.2.4. Relation to exterior forms

The geometric algebra differs from the algebra of exterior forms (defined
in section 2.2.2) in two independent ways: Firstly, €(V,n) is an associa-
tive algebra over V, while Q(V) is an algebra of alternating maps which
act on tensor powers of V. Secondly, the product in &(V,n) is an in-
trinsically metrical generalisation of the product in QV. We will address
these two aspects separately, to more clearly see how each is translated
between the two algebras.

I. Exterior forms as multivectors

Exterior forms can be mimicked in the geometric algebra by making use
of a reciprocal basis, as in the following lemma.
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Lemma 9. If A € Gi(V,n) is a k-vector and ¢ € Qk(V) is a k-form whose

components coincide (i.e, A; .., = ¢; .. given a common basis of V) then

(Aug A ) =k o(u; @ -+ ® uy),

where (A, B) = A+ BT is the induced metric on k-vectors as in eq. (3.3).

The factor of k! is due to the Spivak convention for exterior forms (re-
place k! — 1 for the Kobayashi-Nomizu convention). Note that there is
no space for a choice of normalisation convention within the geometric

algebra.

Proof. Unpacking the left-hand side with eq. (2.8), we have

<A’ Uy A A uk> = Z (_1)0Ai1"‘iku2(l) uZ-C(k)’

OES,

which since A; ..; = ¢; ..;, is equal to

Z (=1)7p(us(1) ®  ® Uy(k)) = k! p(u; ® -+ ® uy)

O'ESk

where all k! terms are equal due to the alternating property of ¢. [

Il. Pseudoscalars and Hodge duality

Since the metric is built into the geometric algebra, so are the features
of metrical exterior algebra from section 2.3.1, including Hodge duality.
In geometric algebra, the Hodge dual is identical to reversion composed
with multiplication by the volume element, xA = AL

Consider two k-vectors A and B. The object B'I is thus a (n — k)-
vector, and its wedge product with A a pseudoscalar. From associativity
of the geometric product, we immediately have

AA(BTD) = <A(BT]I)>n = <(ABT)]I>n = (ABN)I =(A,B)T,

which is the definition of the Hodge dual, eq. (2.9). The reversion is
only necessary for exact agreement with ; simple multiplication by the

33
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Here s is the signature of
the metric, so that
(—1)° = detn.

30 This follows from
lemma 6.
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volume element is an appropriate dual operation, differing from * only
by an overall grade-dependent sign.

The I-duality has the advantage of being trivial to manipulate alge-
braically, while also enjoying a simple scalar square

I2 = (<13, = (CD (102,
unlike the Hodge dual, whose square
*x2A = (_1)3(_1)k(n—k)A

depends on the grade k on which it acts.>°

l1l. Imitating the geometric product in the exterior algebra
Using the Hodge dual, the geometric product (of vectors) may be defined
entirely within the exterior algebra as
uv =« unr*v)+unv. (3.5)
Indeed, eq. (3.5) reduces to the familiar formula
w={(uvV* T+urv={uv)+unv

by eq. (2.9). However, eq. (3.5) does not apply to general multivectors,
and the equivalent formulae for higher-grade objects are more complex
and tend to obscure the underlying simplicity of the geometric product.

3.3. More Graded Products

All operations in the geometric algebra can be expressed in terms of the
fundamental geometric product along with grade projection { ),. For
example, we have seen that the wedge and fat dot product (definition 19)
are merely combinations of multiplication and projection.

There are other similar constructions which are useful enough to war-
rant their own symbols, including the contraction products.
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3.3. More Graded Products

Definition 21.

LEFT CONTRACTION A|B:= Z<<A>p<B>q>q_p
pq

RIGHT CONTRACTION A|B:= Z<<A>p<B>q> g
pq

Observe that (A | BT = AT | BT, so these are in essentially the same

operation — only one is viewed in a mirror.3!

We declare the various products ¢+, A, | and | to have higher prece-
dence than the geometric product (aligning with [11, §2.5]), so that we
may write e.g., A* BC = (A-B)C and u AvI = (u A v)I unambiguously.

The fat dot product reduces to a contraction on homogeneous multi-
vectors, depending on which multivector has the higher grade. Specifi-
cally, if A is a p-vector and B a g-vector, then

g_)AlB p<g
A |B q=>p
with A*B= A | B= A | B = (AB) when p = gq. While in some ex-
pressions the grades of multivectors are clear so that the sense in which
the fat dot product acts is obvious, the contractions are arguably better

behaved algebraically, allowing for more useful identities to be written
with fewer grade-based exceptions [27].32

Lemma 10. For any vector u and multivector A,

ul|A= %(uA — A*u), unA= %(uA + A*u).

Proof. Begin by assuming A is of grade k. The geometric product con-
tains two grades,

uA = uA)_1+UA 1 =u|A+unA

Now consider the reversed product, and rearrange terms using the fact

35

31 Le., every statement
involving | produces,
under reversion, an
equivalent statement
involving |.

32 Eg,uA=u-A+unA
holds only if A has zero
scalar part, but
uA=u|A+unAholds
for any A.
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that a™ = 4 paifaisa p-vector.

Au=A|lu+Anru
= Jp_1 ut ] AT+.§k+1 ut A AT
=k 19k u| A+ 919 unA

With reference to eq. (3.4), notice that 4, = +(—1)F. Thus,
Au=(DfAu=-u| A+unA.

Taking the sum and difference of uA and A*u as above yields the two
results, respectively — at least for homogeneous A. Since the expressions
are linear in A, and are written without reference to k, they extend by
linearity to general multivectors. ]

Corollary 1. Contraction by a vector is an anti-derivation;

u|(AB)=(u ] A)B+ A*(u | B).

Proof. By using lemma 10 to rewrite the contraction, the result follows
immediately.

u | (AB) = %(uAB — (AB)*u)

= %(uAB — A*uB+ A*uB — A*B*u)
=(u ] AB+ A*(u | B)

This also implies that vector contraction is an anti-derivation with re-
spect to the wedge product, i.e.,u | (AAB) = (u | A)AB+A*A(u | B). [

I. Contractions in terms of Hodge duality

In 3.2.4.11I, we showed that the vector metric {(u,v) = x~}(u A *v) may
be eliminated in favour of the metric-free wedge product using Hodge
duality. We may extend this idea to the contraction inner product A | B,
valid not only for vectors, but objects of any grade.
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Lemma 11. Right contraction is expressible in terms of Hodge duality as

B| AT = x"1(A A *B).

Proof. Begin by reversing the left-hand side and inserting 1 = IT" !,

BlAT=((A] BT)]I]I_I)T. (3.6)

If A and B are of grades a and b, respectively, we can dualise the con-
traction into a wedge product with

(A | BHI = <ABT>b_a11 = (AB'T) = (A(B‘f]l))a+(n_b) = A A (BTD).

n—(b—a)

Therefore, eq. (3.6) is equal to
((An (13*11))11—1)T =« 1(A A *B)

using *A = ATl and » 1A = (AT DT, O

Il. Interactions between graded products

The contractions and wedge products work together intimately, offering
universally valid rewriting rules such as
(AlB)[C=A[(BAO), (A]B)[C=A]|(B[O)
A|B|C)=(AAB)]|C, us(Bev)=(us+B)e.v,
as will be shown. The last equation is a specialisation of the upper right
for vectors, which in particular means that parentheses are unnecessary

when defining the components of a bivector F = F'e; A e; with the ex-

pression F; = e; « F « ;.

To prove these identities, it will help to establish the following two
lemmas.

Lemma 12. Fori,j, k > 0, the following conditions are equivalent.

i—jl<k<i+j, |k—=il<j<k+i |j-kl<i<j+k
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Proof. There exists a triangle in the Euclidean plane with side lengths
i,j,k if and only if |i — j| < k < i+ j. By relabelling its sides, it follows
that the other relations are equivalent. ]

Lemma 13. The three terms
((A)p(B)g), ((A(B)y), ((A)g(Bl),

all vanish unless |p —q| <k < p+q.

Proof. From eq. (3.12) it follows that <(A>p<B>q>k # 0 implies [p — q| <
k < p +q. By lemma 12, it also holds under permutations of the grade
projections. [

Lemma 14. For any multivectors A, B, C,

(A|B)|C=A|(BAC), A|(B|C)=(ArB)]C.

Proof. It suffices to derive the identities for homogeneous multivectors;
they extend by linearity to general multivectors. Thus, let (A, B,C) be
multivectors of grade (a, b, ¢), respectively.

Consider ((AB);C),_,_. and assume it to be non-zero. By lemma 13,

this is zero unless k < ¢+ (a — b — ¢) = a — b. However, (AB)y, is zero
unless |a — b| < k, hence k = a — b. Therefore,

<(AB)C>a—b—c = <<AB>a—bC>a—b—c’

since the only non-zero contribution from the product AB is the part of

grade a — b.

Similarly, assume that (A(BC)),_p_, is non-zero. Again by lemma 13

we have l[a—(a—b—c)| < k implying b+c < k. Since (BC)y, is zero unless
k < b+ c, we have k = b + c exactly and

<A(BC)>a—b—c = <A<Bc>b+c>a—b—c'

By associativity of the geometric product, we have shown

<<AB>a—bC>(a—b)—c = <A<Bc>b+c>a—(b+c)’
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which is definitionally equivalent to
(AlB)|C=A|(BAO).

Reversion yields the corresponding identity for left contraction. [l

Lemma 15. For any multivectors A, B, C,

(AlB)[C=A](B[O).

Proof. Invery similar vein to the proof of lemma 14, consider ((AB).C)_,.p_,
and assume it to be non-zero. By lemma 13, we have k < b — a, while
also |a — b| < k if (AB)y. is to remain non-zero, hence k = b — a.

((AB)C)_g1p— = ({AB)p_sC)_gypc =(A|B) | C

Now consider (A(BC)y)_,+p_.- Using the same argument but witha < ¢
swapped, deduce

(ABO)) —g4b—c = <A<Bc>b—c>—a+b—c =A|(B|O).

By associativity, these are equal. []

3.4. Rotors and the Associated Lie Groups

There is a consistent pattern to the algebra isomorphisms listed in sec-
tion 3.2.3 (excepting the last). Note how the complex numbers C are fit
for describing SO(2) rotations in the plane, and the quaternions H de-
scribe SO(3) rotations in R3. Common to both their respective isomor-
phisms with &, (2) and &, (3) is the identification of each ‘imaginary
unit’ in C or H with a unit bivector in €(n).

« In 2d, there is one linearly independent bivector, e;e,, and one
Imaginary unit, i.

« In 3d, there are dim &,(3) = (2) = 3 such bivectors, and so three

imaginary units {i, J lAc} are needed.
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« In(1+3)d, we have dim &,(1,3) = (;) = 6, corresponding to three
‘spacelike’ {i, 7, l;} and three ‘timelike’ {ii, ij, zl;} units of C ® H.

In these examples, a bivector takes the role of an ‘imaginary unit’, gen-
erating a rotation through the oriented plane which it spans.

To see how bivectors act as rotations, observe that rotations in the C-
plane may be described as mappings z — ¢¥’z, while R3 rotations are de-
scribed in H using a double-sided transformation law, u — efn/2yp=0n/ 2
where n € span{i, Js IAc} is a unit quaternion defining the axis of rotation.
Due to the commutativity of C, the double-sided transformation law is
actually general to both C and IH. The same is true for rotations in a

geometric algebra, where a multivector is rotated by

A e@i)/er—eiﬂ/Z,

where b € Z5(V,n) is a unit bivector. Multivectors of the form R = ¢
for o € &,(V,n) are called rotors. Immediate advantages to the rotor
formalism are clear:

o It is general to n dimensions, and to any metric signature.

Rotors describe generalised rotations,>® depending on the metric
and algebraic properties of the exponentiated unit bivector o. If
% < 0, then e° describes a Euclidean rotation; if 2 > 0, then e
is a hyperbolic rotation or Lorentz boost.

« Vectors are distinguished from bivectors.

One of the subtler points about quaternions is their transformation
properties under reflection. A quaternion ‘vector’ v = xi+yj+zk
reflects through the origin under involution v — —v, but a quater-
nion ‘rotor’ of the same value is invariant. Indeed, the same object
(‘quaternion’) is used to represent objects with differing transfor-
mation laws (‘vector’ and ‘rotation generator’). Not so in the geo-
metric algebra: vectors are 1-vectors, and rotation generators, the
‘imaginary units’, are bivectors.

Enlarging the algebra like this to include more kinds of object may
appear finicky, but it is beneficial: the generalisation to arbitrary
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dimensions is immediate and elegant, and the geometric meaning

of algebraic objects becomes clear.>*

3.4.1. The rotor groups

We will now see more rigorously how the rotor formalism arises. An
orthogonal transformation in n dimensions is achieved by the composi-
tion of at most n reflections.>® A reflection is described in the geometric
algebra by conjugation with an invertible vector. For instance, the linear
map

A —vAv! (3.7)

reflects the multivector A along the vector v — that is, across the hyper-
plane with normal v. By composing reflections of this form, any orthog-
onal transformation may be built, acting on multivectors as

A £RAR™! (3.8)

for some R = vyv, --- v, where the sign is positive for an even number of
reflections (giving a proper rotation), and negative for odd.

Scaling the axis of reflection v by a non-zero scalar A does not affect
the reflection map (3.7), since v — Av is cancelled out by v=! — A71y71,
Therefore, a more direct correspondence exists between reflections and
normalised vectors v = +1 (although there still remains an overall
ambiguity in sign). For an orthogonal transformation built using nor-

malised vectors, the inverse is
R—l - | A—1A—1 __ RT
= vk vz vl = :|:

since v~! = 49, and hence eq. (3.8) may be written in terms of reversion
instead of inversion:

A +RART (3.9)
All such elements satisfying R~' = +RT taken together form a group

under the geometric product. This is called the pin group:
Pin(p.q) = {R € ¥(p,q) | RR" = =1
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case where A is a vector
parallel or orthogonal to v.
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Fig. 3.2.: Relationships
between Lie groups
associated with a
geometric algebra. An
arrow A — B signifies that
A is a double-cover of B.

Spin” —» SO"
T
e;p exp
\ \
fg = 30

Fig. 3.3.: The Lie algebras
Z,(p,q) and 30(p, q) are
isomorphic, but

Spin”(p, q) is the universal
double cover of SO"(p, ¢).
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There are two “pinors” for each orthogonal transformation, since +R and
—R give the same map (3.9). Thus, the pin group forms a double cover
of the orthogonal group O(p, g).

Furthermore, the even-grade elements of Pin(p, q) form a subgroup,
called the spin group:

Spin(p,q) = {R € G,.(p.q) | RR" = +1}
This forms a double cover of SO(p, g).

Finally, the additional requirement that RRT = 1 defines the restricted
spinor group, or the rotor group:

Spin”(p.q) = {R € Z.(p.q) | RRT = 1]

The rotor group is a double cover of the restricted special orthogonal
group SO (p, q), which is the identity-connected part of SO(p,q). Ex-
cept for the degenerate case of Spin*(1,1), the rotor group is simply
connected to the identity.

3.4.2. The bivector subalgebra

Bivectors play a special role as the generators of rotors. Because the
even subalgebra &, D &, is closed under the geometric product, the
exponential e = 1+ o + 62/2 + - of a bivector is an even multivector.
To show that € € SpinJr is indeed a rotor, note that the reverse (¢?)T =

e = ¢ s its inverse, and also that e is continuously connected to
the identity by the path e’ for A € [0, 1].

Indeed, this leads to the Lie algebra-Lie group correspondence shown
in fig. 3.3. To show this, it is helpful to establish some of the useful
algebraic features of the bivector subalgebra.

The multivector COMMUTATOR PRODUCT
AxB = %(AB _ BA) (3.10)

enjoys several useful properties, particularly when acting on bivectors.
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Lemma 16. Commutation by a multivector A is a derivation,

Ax(BC)=(AxB)C+ B(AxC).

Proof. By expanding both sides,

%(ABC _ BCA) = %(ABC — BAC + BAC — BCA).

Lemma 17. For a bivector o and multivector A,

cA=0|A+0xA+0ArA, (3.11)

whereax b = %(ab — ba) is the commutator product.

Proof. Suppose A is a k-vector. The geometric product with a bivector
then contains non-zero parts of three grades,

0A =(0A)_y +(CA) +(0A) 4o =0 | A+ (dA) +0nA.
Consider the reverse product,
Ac =A|o+(Ao)+Anrc
and reverse each term, noting that ol =—cand AT = 3 A,
= —31(dk2 0 | A+ 3 (CA) + 312 o N A)
simplifying with J;dp,, = —1.
=0 |A—(cA)+orA

Thus, (0 A); = %(GA — Ao) = 0 x A, and so the result holds for homoge-
neous multivectors, and by linearity for general multivectors. [

Lemma 18. Commutation by a bivector ¢ is a grade-preserving operation;
ie, o x (A = (o x A).
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Fig. 3.4.: Grade diagram
for eq. (3.11). Grades are
labelled relative to the
grade of A.

Recall from eq. (3.4) that
AT = 4, A for a k-vector

=0
where 4, = (1) 2 .



anb | p+gq
ptq-—2
ab :
lp—ql+2
ab |lp—dl

Fig. 3.5.: Grade diagram
for a p-vector and g-vector.
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Proof. If A = (A), then Ao and 0 A are {k — 2, k, k + 2}-multivectors. The
k £ 2 parts are

(A% ONisr = 5 ((ATNksz = (0 Aesz).

However, (0 A)i,o = 5kiZ<ATO'T>ki2
sion signs satisfy J; 24, = —1 for any k. Hence, (A x o)., = 0, leaving
only the grade k part, Ax o = (A x o). ]

= —J129k(A0)., and the rever-

A corollary of lemma 18 is that the commutator is closed on the space
of bivectors, &,. Clearly eq. (3.10) is bilinear and satisfies the Jacobi
identity, so &, in fact forms a Lie algebra with the bivector commutator
x as the Lie bracket.

We have shown that both the rotor group and its Lie algebra are di-
rectly represented within the mother algebra &(p, q). There is no need
for matrix representations which obscure the underlying geometry.

3.5. Higher Notions of Orthogonality

As discussed at the start of this chapter, the lack of a Z-grading means
that a geometric product of blades is generally an inhomogeneous mul-
tivector. Geometrically, the grade k part of product of blades reveals the
degree to which the two blades are ‘orthogonal’ or ‘parallel’, in a certain
k-dimensional sense.

To see this, first consider the special case where the product of a p-
blade a and g-blade b is a homogeneous k-blade. This occurs when there
exists a common orthonormal basis {e;} such that

a=ae e and b= pe; - e,
simultaneously, for scalars a, f. Then, the product is

ab = tafey ey,

Each pair of parallel basis vectors in a and b contributes an overall factor
of €2 = +1, and each transposition required to bring each pair together
flips the overall sign.
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The resulting grade k is the number of basis vectors e, which are not
common to both a and b; i.e., {hy, ..., ht} is the symmetric difference of
{il, ,ip} and {jl, ,jq}. Thus, the possible values of k are separated by
steps of two, with the maximum k = p+q attained when no basis vectors
are common to a and b. In terms of the spans of the blades, we have

k = dim span{a} + dim span{b} — 2 dim(span{a} n span{b})

p q 2m
€flp—ql.lp—ql+2,...p+q-2,p+q} (3.12)

Solving for the dimension of the intersection, we have

1
m:E(p+q—k).

Thus, the higher the grade k of the product ab, the lower the dimension
m of the intersection of their spans.

We are used to the geometric meaning of two vectors being parallel or
orthogonal. In terms of vector spans, they imply that the intersection is
one or zero dimensional, respectively. Similarly, blades of higher grade
can be ‘parallel’ or ‘orthogonal’ to varying degrees, depending on the
dimension of their intersection, m.

For example, the intersection of (the spans of) two 2-blades may be
of dimension two, one or (in four or more dimensions) zero. The notion
of parallel (i.e., being a scalar multiple) remains clear (m = 2), but there
are now two different types of orthogonality for 2-blades (m = 1 and
m = 0). An example of the first type can be pictured as two planes
meeting at right-angles along a line; the second type requires at least
four dimensions.

Definition 22. A p-blade a and q-blade b satisfying ab = (ab). are called
A-ORTHOGONAL where A = %(k —[p—q).

Informally, A-orthogonality of a and b means that ab is of the Ath
grade above the minimum possible grade |p—gq|. The higher A, the fewer
linearly independent directions are shared by (the spans of) a and b. Dif-
ferent cases are exemplified in table 3.1.
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Fig. 3.6.: {p, w} are
1-orthogonal (pw = p X w)
and {o, p} have both 0- and
1-orthogonal components

(cp=0-p+aoxp).
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Familiarity with some special cases may aid intuition when consid-
ering general products of blades. For instance, if the product of two
bivectors is o109 = 0y - 0y + 07 X 09, then it is understood that o; has
a component parallel to 0y, and a component which meets o, at right-
angles along a line of intersection. In other words, o; and o, are planes
that intersect along a line with some angle between them (see fig. 3.6).
On the other hand, if 010y = 07103, then the bivectors exist in orthogonal
planes — a scenario requiring at least four dimensions.

p q k (ab)y A m commutativity geometric interpretation of ab = (ab);

1 10 a<b 0 1 commuting  vectors are parallel;a | b < a = Ab

1 1 2 anb 1 0 anticommuting vectors are orthogonala L b

2 2 0 ab 0 2 commuting  bivectors are parallel a = Ab

2 2 2 axb 1 1 anticommuting bivectors are at right-angles to each other
2 2 4 anb 2 0 commuting  bivectors are 2-orthogonal

1 2 1 a+b 0 1 anticommuting vector aliesin plane of bivector b

1 2 3 anb 1 0 commuting  vector a is normal to plane of bivector b
2 31 ab 0 2 commuting  bivector a lies in span of trivector b

2 3 3 (ab)3 1 1 anticommuting a and b are 1-orthogonal

2 3 5 anb 2 0 commuting  aand b are 2-orthogonal

Table 3.1.: Geometric interpretation of the k-blade ab = (ab), where a and b are of grades

p and q respectively, and where m = dim(span{a} n span{b}).
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3.5. Higher Notions of Orthogonality

Product decompositions
uv ={(uw,v)+unv
uA=u|A+unA Au=A|u+Anru
cA=0|A+oxA+orA Ac=A|loc+Axao+Anrc
Associative identities
(AlB)[C=A](B[O)
Al(B]CO)=(ArB)]|C (AlB)[C=A[(BAC)
Derivations
ux (AB) = (ux A)B+ A(u x B) (AB)xu = A(Bxu) + (Axu)B
Anti-derivations
u|(AB)=(u| A)B+ A*(u | B) (AB) lu=AB | u)+(A|uB"
u|(AAB)=(w ] AAB+A*A(u]B) (AAB)lu=Ar(B|lu)+(A|lu)rB"
Dualities
(A ] B)I = A (BI) I(A| B)=A)AB
(A(B|C)) =((ArB)C) ((ALB)C) =(A(BAC))

Table 3.2.: Useful identities valid for all vectors u and v, bivectors o and multivectors
A, B and C. The first line of dualities follows from eq. (3.6), and the last line from the
associative identities.
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Chapter 4.

The Algebra of Spacetime

Special relativity is geometry with a Lorentzian signature. The SPACE-
TIME ALGEBRA (STA) is the name given to the geometric algebra of a
Minkowski vector space, €(1,3) = G(R*, ), where = +diag(—+++).
Other introductory material on the STA can be found in [23, 32, 33].

We denote the standard vector basis by {yu}, where Greek indices run
over {0,1,2,3}. This is a deliberate allusion to the Dirac y-matrices,
whose algebra is isomorphic to the STA — however, the y, € R!*3
of STA are real, genuine spacetime vectors. A basis for the entire 2*-
dimensional STA is then

1 scalar 4 vectors 6 bivectors 4 trivectors 1 pseudoscalar
Dc.>uble indices are cyclical; {1} U {yo, Yi} V] {yoyl-, yj'yk} U {YOYij, Y1 y2y3} U {]I = YOY1Y2)’3}
(.6 € {(1,2), (2.3). 3, D} R . _

where lowercase Latin indices range over spacelike components, {1, 2, 3}.
Blades shown on the left-hand side of { , } are called TIMELIKE, and
those in on right-hand side spACELIKE. The sign below each basis blade
shows the sign of its (scalar) square. Multivectors of any kind which
square to zero are called NULL or LIGHTLIKE.

I. The pseudoscalar and duality

The right-handed unit pseudoscalar I represents an oriented unit 4-volume.
It anticommutes with odd elements of the STA (vectors and trivectors)
and commutes with even elements (bivectors and (pseudo)scalars).
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4.1. The Space/Time Split

Since I? = —1, the scalar—pseudoscalar plane £ 4(1,3) = spanp{1,1}
is isomorphic to the complex plane C. Thus, for the sake of compu-
tation, operations on {0, 4}-multivectors may be regarded as operations
on complex numbers. In particular, we define the principal root \/a of
a {0, 4}-multivector a € % 4(1,3) in the same way as it is defined in C
with a branch cut at 8 = . It is worth emphasising that there are many
square roots of —1 in the spacetime algebra, each with distinct geomet-
rical meanings.>® We single out v—1 = I as ‘the’ principal root as this
proves to be useful.?’

As in section 3.2.4, Hodge duality is accomplished by (right) multi-
plication by the volume element. In particular, this establishes a dual-
ity between vectors and trivectors, and between spacelike and timelike
bivectors.

4.1. The Space/Time Split

While we actually live in R}3 spacetime, to any particular observer it
appears that space is R with a separate scalar time parameter. This is
reflected in the fact that &, (1,3) and &(3) are isomorphic by ‘flatten-
ing’ the time dimension. In fact, from lemma 8, there is a separate iso-
morphism associated to each timelike direction, corresponding to each
inertial observer’s experience of space and time. Such a SPACE/TIME
spLIT identifies even multivectors in the spacetime algebra €, (1, 3) with
©(3) multivectors, and provides an efficient, purely algebraic method for
switching between inertial frames [23].

Let K be an inertial observer and for simplicity choose the standard
basis {yy} so that Y is the instantaneous velocity of the K frame. The
three RELATIVE VECTORS 0; = ;) form a vector basis for €(3), since the
¥i¥o indeed satisfy 67 = —y?y¢ = 1 and 6,6; = —6;0; for i # j. Because of
the dependence on ¥, the relative vectors g; are specific to the K frame.
Note that the same volume element I = 616,03 = yyy1Y2)3 is shared
by both algebras and all frames. With respect to the K frame, we may
view &(3) C ¥(1,3) as embedded in the STA, allowing us to consider
multivectors as belonging to both algebras as convenient.
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Chapter 4. The Algebra of Spacetime

For example a spacetime bivector F = F/"y, y, may be separated into
timelike F and spacelike F/ components and viewed as a {1, 2}-multi-
vector in €(3). With respect to the K frame,

F = Fyy, + Fly,y; = E'G, + BT, = E + 1B, (4.1)

where we use y1y; = (y¥0)(¥j¥o) = —0i0; = —;jLoy. This is the frame-
dependent decomposition of a spacetime bivector (or “2-form”) into two
R3 vectors familiar from electromagnetic theory. Note that the rela-
tivistic F is equal to the frame-dependent representation — they are the
same spacetime object, only expressed in relativistic and non-relativistic
bases.

Of particular interest are space/time splits on the bivector genera-
tors of rotors. A proper orthochronous Lorentz transformation A €
SO"(1,3) acts as a ‘sandwich’ product A(A) = e’ Ae”?, where the ro-
tor e € Spin” (1,3) is generated by a spacetime bivector o € (1, 3).
This bivector o can be represented in the K frame as

o= %(s”'yi +0'Iy)y = %(sf +10) (4.2)

where & = £G; € €,(3) is a rapidity vector and 16 € ©,(3) is a rotation
bivector.

4.1.1. On the choice of metric signature

Both metric signatures (—+++) and (+———) are appropriate for rela-
tivistic physics, and both are used in the literature. While the overall
physics is agnostic to this choice, expressions written in the STA are
generally not independent of the overall sign. It is a useful reference to
note what changes and what is constant under both choices.

One of the most important properties of the space/time split is the
agreement of ¥(3) and €, (1, 3) volume elements, I = 616,03 = yoy12¥3-
If this equality is to hold, then switching the metric signature is concomi-
tant with a switch in sign of the relative vectors, g; — —a;.

Another noticable difference is in the space/time split of a position
vector X € ©,(1,3) into components X° = ct and (X*) = X, achieved by
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4.2. The Invariant Bivector Decomposition

multiplication with the frame velocity y,. For example, the equations
Xy =ct + X, YoX =ct — X

hold in the (+———) signature, but both change by an overall sign in the
(—+++) signature.®® Both these points are summarised in table 4.1.

signature preferredo; Y, X Xy

(+—=) G =yy c—-X ca+Xx

(—+++) G =7y —ct+x —ct—X
Table 4.1.: Comparison of space/time split in each metric signature. The spacetime
vector X has contravariant components X° = ct and (X') = X in the y,-frame. Relative

vectors are defined so that the spacetime volume element and volume element under
a space/time split are equal.

A choice of metric sign may be avoided by using sign-agnostic expres-
sions. An invariant definition of relative vectors and their duals in the

yo-frame is
Gi = yy", &' =y
These satisfy I = 610,03 = yoy1,ys and [T = 61626° = y%yly?y® in

either signature. In particular, the following expressions hold in either
signature, and are useful when performing space/time splits.

POX =ct— % Xy? =ct+%
10 2 10 2
9=-2 4V dyy=-= -V

Yo cot Yo cot

Here, the spacetime vector derivative d = y#9,, decomposes into a scalar

time derivative g, = ¢~ 19, and the spatial derivative V= 'o;.

4.2. The Invariant Bivector Decomposition

There is a clear analogy between the space/time split of a bivector (4.1),
into spacelike and timelike components, and the Cartesian form of a
complex number, x + iy, into real and imaginary parts. This similarity
can be made more precise: just as we may express complex numbers in
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Chapter 4. The Algebra of Spacetime

polar formre® = x+iy, we may use the invariant bivector decomposition
to write peH‘r = E + IB, since I? = i® = —1. This is distinct from the
space/time split in that it is frame independent, and the bivector E is not

necessarily timelike, and so need not correspond to any relative vector
E € ©,(3).

Non-null spacetime bivectors o € &5(1,3) may be normalised, in the
sense that there always exists some N, € & 4(1,3) such that
o0 =N,6 =6N, where &% =1.

In the null case o = 0, we let 62 = 0 instead. This is possible because
the square of a bivector is a {0, 4}-multivector (lemma 7), which always
has a principal square root (since €y4(1,3) = C). Explicitly, let 0* =
a+1p= pzeﬂ(/’ for scalars a, 3, p, ¢, so that

N, = \/E = pel?,

assuming without loss of generality that p > 0 and ¢ € (—x/2,7/2].
Thus, the INVARIANT BIVECTOR DECOMPOSITION

o = pel®6 = (pcos )& + (p sin P)I&

oy o_

separates ¢ into commuting parts, [o,,0_] = 0, each of which satisfy
+02 > 0. This makes it a useful device for algebraic manipulations.
Furthermore, the decomposition is unique, and does not depend on any
particular space/time split.

The decomposition can be used to show the non-injectivity of the ex-
ponential map in the STA. Take some bivector written in decomposed
form, 0 = 1,6 + A_I6. For n € Z, each bivector in the family

0, = A0+ (A_ + nn)lo
exponentiates to the same rotor, up to an overall sign:
¢On — eaoenﬂ]l& = (—1)"e% (4.3)

Note that eI = ¢9¢l% gince [6,16] = 0. All the rotors in eq. (4.3) cor-
respond to the same SO (1, 3) Lorentz transformation. Equation (4.3)
also shows that every Lorentz rotor +e” is equal to a pure bivector ex-
ponential e’ with a shifted rotational part A_ — A_ + nr.
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4.3. Lorentz Conjugacy Classes

4.3. Lorentz Conjugacy Classes

As shown above, every proper Lorentz transformation A € SO*(1,3) is
generated by a bivector exponential A(u) = e’ue™. The rotor formu-
lation makes some of the more subtle properties of the Lorentz group
clearer, including its decomposition into conjugacy classes.

Definition 23. The CONJUGACY cLASS of a group element g € G is the set
[g]=1{hgh™ |heGl={g"€Glg' ~ g}
of elements conjugate®® to g.

Since conjugacy is an equivalence relation, the conjugacy classes form
a partition of G.

In the case of the proper Lorentz group, the set of conjugacy classes
further partitions into five categories, or ‘kinds’. With the STA, the kind
of a Lorentz transformation (or its associated rotors) is determined by
whether its generating bivector® is spacelike, timelike, both or neither.

Definition 24. Let o € ©,(1,3) be a bivector. If 6* is a scalar, then o is
called

 TRIVIAL if 0 = 0;

ELLIPTIC if 6% < 0 (i.e., if o is spacelike);

PARABOLIC if 0% = 0 (i.e., if o # 0 is lightlike);

HYPERBOLIC if 62 > 0 (i.e., if o is timelike); and

LoxoproMIC if o = a + 1B is not a scalar but a {0, 4}-multivector.

Lemma 19. The square of a bivector is constant within each conjugacy
class.

Proof. Let A : u — eue”° be a proper Lorentz transformation, and
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(c) Loxodromic

Fig. 4.1.: Lorentz
transformations on the
celestial sphere, taking

curves to themselves.

41 in the sense of

definition 22, section 3.5

Chapter 4. The Algebra of Spacetime

consider its conjugation with some other transformation T,
TAT™' : u s ePele PuePe ¢l

Note that e?e?e P = ¢ ¢ by the automorphism property of rotor ap-
plication. Therefore, A ~ TAT ' translates to the condition

o~co =eloeP.
Hence, the conjugate bivectors have common square,
o’? = (ePoeP)? = ePo?e™P = o?

since e*” commutes with the {0, 4}-multivector ¢. ]

Corollary 2. Conjugacy classes of SO™ (1, 3) fall into the five categories in
definition 24 by considering the generating bivector of any representative
Lorentz rotor.

Elliptical Lorentz transformations are rotations, whose rotors are gen-
erated by spacelike 2-blades; hyperbolic transformations are boosts, with
timelike 2-blade generators. Parabolic transformations are sometimes
called null rotations, and fall in between the previous two, with null 2-
blades as generators.

The final class of loxodromic transformations are a combination of
a rotation and a boost where the axis of rotation is parallel with the
boost direction (in a particular frame). A loxodromic generator is not
a 2-blade, but a bivector comprising mutually 2-orthogonal*! 2-blades,
one timelike and one spacelike.

These can be helpfully visualised by making use of the isomorphism
SO™(1,3) = Aut(C u {oo}) of the Lorentz group with the Mobius group
of conformal transformations on the sphere. An observer undergoing a
change of frame will see the celestial sphere transform conformally, as
in fig. 4.1.

54



Chapter 5.

Composition of Rotors in
terms of their Generators

In studying proper orthogonal transformations, it is often easier to rep-
resent them in terms of their generators o; € &(p,q) which belong to
the Lie algebra 3o(p,q). A fundamental question is how such transfor-
mations compose in terms of these generators: “given o; and oy, what
is 03 such that e“1e2 = ¢?3?” This is of theoretical interest and is useful
practically when representing transformations in terms of their genera-
tors is cheaper. One may use the Baker—Campbell-Hausdorff~Dynkin*?
(BCHD) formula o7 © 0y := log(e®1e®?) which is well studied in general
Lie theory [35]. However, the general BCHD formula

aoOb=a+b+ %[a, b] + 1—12[a, [a.b]] + 1—12[[a, b, b] + - (5.1)

involves an infinite series of nested commutators and may not obviously
admit a useful closed form.

In the case of Lorentz transformations SO™(1,3), some closed-form
expressions for eq. (5.1) have been found using a 2-form representation
of 30(1, 3) [36, 37], but the expressions are complicated and do not clearly
reduce to well-known formulae in, for example, the special cases of pure
rotations or pure boosts. The rotor formalism of geometric algebra leads
to an elegant closed form of eq. (5.1) which, in the case of Lorentzian
spacetime, is inexpensive to compute.
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Object Grade

o 2
R 0,2,4
C; 0,4
S; 2
T, 2
T;-T, 0
T; x T, 2
T, ATy 4

Fig. 5.1.: Grades of terms
appearing in formuale.

Chapter 5. Composition of Rotors in terms of their Generators

5.1. A Geometric BCHD Formula

Suppose 0 € Z5(p,q) is a bivector in a geometric algebra of dimen-
sion p + g < 4. By their definitions as formal power series, we have
e’ = cosh o + sinh o, where ‘cosh’ involves even powers of ¢ and ‘sinh’
odd powers. For convenience, define the linear projections onto SELF-
REVERSE and ANTI-SELF-REVERSE parts respectively as

(A} = %(A +AT)  and  [A]= %(A —AT).  (52)

9 = cosho—

Since any bivector obeys 6T = —g, it follows that (¢?)T = e~
sinho. Using the notation (5.2), the self-reverse and anti-self-reverse
projections of ¢° are e’} = cosho and [[¢°]] = sinho, respectively.

Furthermore, these two projections commute, and so

[Ty " = 47 1] = ) — tamnno
e’}
which leads to an expression for the logarithm of any rotor # = +e°.
[£]
o = log(#) = arctanh <—) (5.3)
; {3

Note that the overall sign of the rotor is not recovered, and log(+%) =
log(—%) according to eq. (5.3). However, this does not affect the Lorentz
transformation R € SO+(p, q), since it is defined by R(u) = RuRT. The
exact sign can be recovered by considering the relative signs of [ % ]| and
{A}, as in [38, §5.3].

From eq. (5.3) we may derive a BCHD formula by substituting # =
e%1e% for any two bivectors o; € Z5(p,q). Using the shorthand C; :=
cosh g; and §; := sinh g;, the composite rotor is

R = e%1e%2 = (C1 + Sl)(CZ + 82) = C1C2 + 81C2 + C182 + 8182.

For p + g < 4, any even function of a bivector (such as C;) is a scalar,
and for p + q = 4, is a {0, 4}-multivector @ + fI. In either case, the C;

commute with even multivectors, so [C;, C;] = [C;,S;] = 0. Therefore,

the self-reverse and anti-self-reverse parts are
1 1
{2f =CiCo+ 5{51,52} and [Z] =5,C; +C;Sy + 5[51, Sz]. (5.4)

Hence, from eq. (5.3) we obtain an explicit BCHD formula.
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5.1. A Geometric BCHD Formula

Theorem 3 (rotor BCHD formula). If 01,09 € ©5(p,q) are bivectors in
p +q < 4 dimensions, then €€’ = +71°% where

T; + Ty + 5 [T, T,
(5.5)

01 © oy = arctanh N
1+ o{T1, Ty}

where we abbreviate T; := tanh o;. Note that this satisfies the rotor equation
with an overall ambiguity in sign.

We may wish to express eq. (5.5) in terms of geometrically signifi-
cant products instead of (anti)commutators. As in lemma 17, a bivector
product is generally a {0, 2, 4}-multivector

ab = (ab), + (ab), + (ab),
=a*b+axb+anhb. (5.6)

where a x b = (ab), = %[a, b] is the commutator product. We may then
write eq. (5.5) so that the grade of each term is explicit:

T1+T2+T1XT2 ) (57)

o1 ©oy = arctanh(
1o 1+T, Ty +T AT,

The numerator is a bivector, while the denominator contains scalar (T -
T,) and 4-vector (T A T5) terms.

5.1.1. Zassenhaus-type formulae

It is interesting to generalise the BCHD formula (5.1) to three rotors
e°1e%2¢e% = ¢ in an algebra &(p,q) with p + ¢ < 4. A solution to this
rotor equation is

[[eo.l eO.Z 60.3 ]] )
b

o = log(+e?) = arctanh <M

by eq. (5.3).

We will find it convenient to define the ANTICOMMUTATOR PRODUCT
A B:= %{A, B} to complement the commutator product A x B. The
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(31 34) = (+——+).

Chapter 5. Composition of Rotors in terms of their Generators

symbol “A” is motivated by the fact that, for bivectors, we have o A p =
0 - p+ oA pand thus

onpi=(op+po)=foph axp=>(op=po)=lopl (58)

Because €%1e%2¢% € Z,.(p,q) is an even multivector, the anti-self-

reverse projection is exactly the bivector part, [[e?1e%2e%]] = (e%1e%2¢%),,

t.44

and the self-reverse projection is the {0, 4}-multivector part.** Decom-

posing e% = C; + S;, we find 2° terms which separate into

[[601602603]] = SIC2C3 + C182C3 + C1CZS3 + (C182 + 81C2) X 83 + (Sl X 82)C3 + [[818283]],
fe71e72e™ ] = C1CoC3 + (C1S; + 51C3) A S3 4+ (S1 A S2)Cs + {515,534

The {0, 4}-multivectors C; commute with the bivectors S;, and products
of C; and S; are themselves bivectors. Therefore, terms containing one S;
factor are bivectors, and terms containing two S; factors, such as §;S,C5,
are products of bivectors, or {0, 2, 4}-multivectors. These terms are split
into bivectors (S; x S3)C3 and {0, 4}-multivectors (S; A S;)Cs.

Cancelling factors of C;C,C3, we then have

[[601802603]] _ Tl + T2 + T3 + (T1 + Tz) X T3 + Tl X T2 + [[T1T2T3]]
fe1e%2e03% 14 (T; +Ty) ATy + Ty ATy +§T;T,T5}

(5.9)

where T; := tanh o;. This fraction is well-defined since the {0, 4}-multi-
vector denominator commutes with the numerator.

The next lemma is used to rewrite the rightmost terms with (anti-)
commutator products (5.8).

Lemma 20. For any bivectors o, p,w € Z5(p,q) where p + q < 4,

[opoll =(crp)rw+(oxp)xw, {fopwl=(0xp)ro.

Proof. Observe that [[opow]] = (opw), since opw is a {0, 2, 4}-multivector,
of which only the bivector part is anti-self-reverse. Using associativity
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5.1. A Geometric BCHD Formula

and linearity,
(opw)y ={(0 A plw)y +{(0 x plo), = (0 A plw+ (0% p)x .

The product (o A p)w = (o A p) A w is between a {0, 4}-multivector and
a bivector, which may only contain bivector components. The product
(0 x p)w is between two bivectors, having bivector part (o x p) x w.

Similarly, note that

fopw} = (0 A Py + 40 x P} = (0 x p) A0,

where the first term vanishes since (o A p)w is a bivector. Il

This allows us to collect the terms in eq. (5.9) as

[e7e%2e%]]  Typ+ Ts+ Ty x T3+ (T A Ty) A T3
{{60-160—260—3}} B 1+ le A T3 + Tl A T2

where Ty, := T + Ty + T x Ty. This leads us to the following result.

Lemma 21. For bivectors o; € G5(p, q) with p + q < 4,

eal+0'2 — eO'IeO'Zep

where

F—R—RxF+SAF)

p= arctanh(
1-RAF+S

F = tanh(oy + 0y),
R = tanh(oy) x tanh(oy) + tanh(oy) + tanh(oy),
S = tanh(oq) A tanh(oy).

5.1.2. In low dimensions: Rodrigues’ rotation
formula

It is illustrative to see how the BCHD formula (5.5) reduces in low-
dimensional special cases. Indeed, in two dimensions, all bivectors are

scalar multiples of I = e e,, and we recover the trivial case eleb = e4tP,
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Chapter 5. Composition of Rotors in terms of their Generators

Specifically, in the Euclidean €(2) plane (or anti-Euclidean (0, 2) plane)
we have I? = —1, and eq. (5.5) simplifies by way of the tangent angle ad-
dition identity

tan6; + tan 6,
1 —tan6,; tan 6,

arctan< ) =0, +0,.
This identity encodes how angles add when given as the gradients of
lines; m = tan 6.

Similarly, in the hyperbolic plane €(1, 1) with basis {e,,e_}, ei = +1,
the pseudoscalar I = e, e_ generates hyperbolic rotations el = cosh& +
I sinh £ owing to the fact that I = —e2e? = +1. Then, eq. (5.5) simplifies
by the hyperbolic angle addition identity

=4 +6

tanh tanh
arctanh( anh¢, + tanh¢, )

1+ tanh & tanh &)

which encodes how collinear rapidities add when given as relativistic
velocities; f = tanh ¢.

Less trivially, a rotation in R by 6 may be represented by its Ro-
44

DRIGUES VECTOR™" r = f*tang pointing along the axis of rotation. The
composition of two rotations is then succinctly encoded in Rodrigues’
composition formula

ri+ry—riXr

Fio = 1 (510)
—Fr -

involving the standard vector dot and cross products.

We can easily derive eq. (5.10) as a special case of eq. (5.7) as follows:
Let 0y, 09 € &5(3) be two bivectors defining the rotors ¢°! and 2 in three
dimensions. In &(3), the only 4-vector is trivial, so o; A 05 = 0 and for
the composite rotor e”3 := e’1e’2 we have

tanh o; + tanh 0y + tanh oy x tanh 02)

0 =01 O 0y = arctanh(
3T 1+ tanh oy - tanh oy

where a x b is the commutator product of bivectors as in eq. (5.6), not
the vector cross product. Observe that Euclidean bivectors o; € &5(3)
have negative square (e.g., (e;e;)? = —e?e? = —1) and relate to their

60



5.1. A Geometric BCHD Formula

dual normal vectors by u; by 0; = w;I. Therefore, by rewriting tanh o; =
tanh(y;l) = (tanw;)], we obtain the formula in terms of plain vectors
and the vector cross product.

tanu,; + tanu, — tanuy; X tanu
u;; = (wlouwI! = arctan( L 2 L 2)

1—tanu; - tanu,

Indeed, a bivector o; = wI generates an R® rotation through an angle

ull

0 = 2|u;| via the double-sided transformation law a — e*lae™*I. Hence,

tany; = v;tan S = rijare exactly the half-angle Rodrigues vectors, and
we recover eq. (5.10).

The necessity of the half-angle in the Rodrigues vectors reflects the
fact that they actually generate rotors, not direct rotations, and hence
belong to the underlying spin representation of SO*(3) — a fact made
clearer in the context of geometric algebra.

5.1.3. In higher dimensions

In fewer than four dimensions, the 4-vector T; ATy = 0 appearing in the
geometric BCHD formula is trivial, and so eq. (5.5) involves only bivec-
tor addition and scalar multiplication. In four dimensions, there is one
linearly independent 4-vector — the pseudoscalar — which necessarily
commutes with all even multivectors. However, in more than four di-
mensions, 4-vectors do not necessarily commute with bivectors, and the
assumptions underlying eq. (5.4) and hence the main result (5.5) fail.

On the face of it, the BCHD formula (5.5) in the four-dimensional case
appears deceptively simple — it hides complexity in the calculation of the
trigonometric functions of arbitrary bivectors,

1 2
tanho; =0 — ~0° + —0°
3 15

2 is a scalar, and so these power series are as

2

In fewer dimensions, o
easy to compute as their real equivalents.*> But in four dimensions, o
is in general a {0, 4}-multivector (by lemma 7) and the power series (5.11)
are more complicated. However, if % # 0 has a square root N, = a + fI
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Chapter 5. Composition of Rotors in terms of their Generators

in the scalar—pseudoscalar plane, then one has ¢ = N;6 = 6N, where
& = o/N, so that 6 = 1. With a bivector ¢ = N, expressed in this
form, the valuation of a formal power series f(z) = Y. f,z" simplifies
to

(feven) f(0)= ) fou0™ =Y fuNZ" = f(N,),
n=1 n=1

(fodd) f(0) =) fonr10™ ! =) fuNE™6 = f(N,)5.
n=1 n=1

This is especially useful in the case of Minkowski spacetime &(1, 3) be-
cause the scalar—pseudoscalar plane is isomorphic to C and square roots
always exist (see section 4.2). From now on, we focus on the special case
of Minkowski spacetime, and consider practical and theoretical applica-
tions.

5.2. BCHD Composition in Spacetime

Because the geometric BCHD formula is constructed from sums and
products of bivectors, it involves only even spacetime multivectors. There-
fore, in numerical applications, it is not necessary to represent the full
STA, but only the even subalgebra €, (1,3) = &(3).

The algebra of physical space €(3) admits a faithful complex linear
representation by the Pauli spin matrices (see section 3.2.3). The real di-
mension of both C?*2 and ©(3) is eight, so there is no redundancy in the
Pauli representation, making it suitable for computer implementations.

An even Z,(1,3) multivector — or equivalently, a general €(3) mul-
tivector — may be parametrised by four complex scalars g¥ = R(g") +
iS(g") € C as

A =R(q") + R(¢)3; + S(PHIg; + S(O)L

where the g; may be read both as spacetime bivectors g; = yyy; € €,(1,3)
or as basis vectors of &(3) under a space/time split. The Pauli matrices
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5.2. BCHD Composition in Spacetime

0; € C¥ form a linear representation of €(3) by the association &; = a;.
Explicitly, identifying

0 +1
+1 0

-

o1 =

N 0 —i N +1 O
0y = O3 =

27+ 0 Tlo -1
along with 1 = I and I = il where I is the 2x2 identity matrix, we obtain
a representation of the multivector A by a 2 x 2 complex matrix:

A=

0, .3 1_ .2
9+9 9~ ] (5.12)

ql +iq2 qO _q3

A proper Lorentz transformation A € SO*(1,3) is determined in the
K frame by a vector rapidity £ € R> and axis-angle vector 8 € R3.
The standard 4 x 4 matrix representation of A is then obtained as the
exponential of the generator

o ¢ g g
0o ] | & o +6° -6
lg g,-jkekl‘ £ -0 0 +6!
£ 462 -1 0

€ 30(1,3). (5.13)

In the spin representation, the transformation A corresponds to a rotor
& = €%, and the generating bivector (4.2) may be expressed via eq. (5.12)
as the traceless complex matrix

+¢° ¢ - iqzl
, , (5.14)
ql + lq2 _q3

where qk = %(gk +i0%) € C. Note that, since the square of a spacetime
bivector is a {0, 4}-multivector, its representative matrix ¥ squares to a
complex scalar multiple of the identity matrix.

Given two generators o; with matrix representations %;, the geometric
BCHD formula (5.5) reads

(5.15)

(T +T,+A
23 = 21@22:tal’lh 1<¥>,

I+S

where A := %[Tl,TZ], S := %{Tl,Tz} and T; := tanh X;.

63



Chapter 5. Composition of Rotors in terms of their Generators

To efficiently compute T;, make use of the fact that Zl.z = Mlisa
complex multiple of the identity matrix and evaluate T; = (tanh ;)4 '3;.
In the null case Zl.z = A = 0, the power series (5.11) truncate and tanh 3; =

tanh " >; = 2, are equal. The commutator and anti-commutator terms
A and S may be efficiently computed by separating the single matrix
product IT := T; Ty = A + S into off-diagonal and diagonal components,
respectively; i.e.,

Aij = (1 — 51])1_11] and Sl] = &]HU

The numerator of eq. (5.15) is therefore a matrix with zeros on the diag-
onal, and the denominator is a complex scalar multiple of the identity,
so the argument of tanh™ ", call it M, is in the form (5.14). Computing
tanh” ' M again simply amounts to 53 = tanh' M = (tanh ' )A~'M
where M? = A1

The Lorentz generator in the standard vector representation (5.13) can
then be recovered from 3; with the relations & = 2R(¢*) and 6% =
28(qk), and the final SO (1, 3) vector transformation is its 4 x 4 matrix
exponential.

5.2.1. Relativistic 3-velocities and the Wigner angle

As an example of its theoretical utility, we shall use the geometric BCHD
formula (5.5) to derive the composition law for arbitrary relativistic 3-
velocities.

The innocuous problem of composing relativistic velocities has been
called “paradoxical” [40-42], owing in part to the fact that irrotational
boosts are not closed under composition, and that explicit matrix analy-
sis becomes cumbersome. Of course, in reality there is no paradox, and
the full description of the composition of boosts is pedagogically valu-
able as it highlights aspects of special relativity which differ from spatial
intuition.

We may speak of a rotation or boost as being PURE relative to the K
frame. Technically, o generates a pure rotation (or pure boost) if, under
the space/time split relative to the K frame, 0 = (o), is a pure bivector
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5.2. BCHD Composition in Spacetime

(or a pure vector) in &(3). A pure rotation or pure boost relative to K is
not pure in all other frames.

The restriction of the BCHD formula to pure boosts is not as simple
as the restriction to rotations (5.10), because pure boosts do not form a
closed subgroup of SO¥(1, 3) as pure rotations do. Instead, the composi-
tion of two pure boosts %; is a pure boost composed with a pure rotation
(or vice versa),

BBy = BR. (5.16)

The direction of the boost & lies within the plane defined by the boost
directions of %, and A,, and £ is a rotation through this plane by the
Wigner angle [42]. Applying eq. (5.5) to this case immediately yields
formulae for the resulting boost and rotation.*®

For ease of algebra, we conduct the following analysis under a space/
time split with respect to the Ig frame. Under this split, a pure boost %

is generated by an R vector > and a pure rotation & is generated by

an R bivector gf”. Here, £ € &,(3) is the vector rapidity, related to the
velocity by v/c = p = tanh &, and the rotation is through an angle 6 in
the plane spanned by the bivector 7 € &5(3). Equation (5.5) with two
pure boosts & and &, is

w1+ Wy + Wi AW
tanh(é © i) Spie B TR R (5.17)
2 2 1+w;-wy

where w; := tanh% are the relativistic half-velocities, also defined in [8,
9]. The generator (5.17) has vector and bivector (namely w; A wy) parts,
indicating that the Lorentz transformation it describes is indeed some
combination of a boost and a rotation.

Similarly, for an arbitrary pure boost and pure rotation,

0 )_W+P+%[W,P]

tanh<§ o ¢ (5.18)
2 2

1+wnap

where p := tanh % = f’tang is a bivector. In general, eq. (5.18) has vec-

tor, bivector and pseudoscalar parts (the commutator %[w, pl ={(wp); +
w A p and the denominator both have grade-three part w A p). However,
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Note that 1+ w; - w, € R
commutes and may be
written as a denominator,
while 1 + p cannot.

Chapter 5. Composition of Rotors in terms of their Generators

eqs. (5.17) and (5.18) are equal by supposition of eq. (5.16). By compar-
ing parts of equal grade, we deduce the pseudoscalar part of eq. (5.18) is
zero. This requires w A p = 0 or, equivalently, that w lies in the plane
defined by p — meaning the resulting boost is coplanar with the Wigner
rotation as expected. Hence, for a coplanar boost and rotation, eq. (5.18)

is simply
£ 0,
tanh > O] S =w + p+ wp. (5.19)

The term wp = (wp); = —pw is a vector orthogonal to w in the plane
defined by p.

Equating the bivector parts of egs. (5.17) and (5.19) determines the
rotation

W1 AW . . [ wywysing
= — 1 =2t
p 1+w;-wy HHpyIng an (1 + Wy w, cos gb)

where ¢ is the angle between the two initial boosts (in the K frame).
The angle 0 is precisely the Wigner angle. Equating the vector parts
determines the boost

noting that w; and p do not commute. Substituting p leads to the remark-
ably succinct composition law w = (w; +ws)(1+w;w,) ! exhibited in [8],
with the final relativistic velocity being f = tanh & = tanh(z tanh™ w).
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Chapter 6.

Calculus in Flat Geometries

So far, we have been concerned with special relativity at a single point in
spacetime. We move now toward the description of fields — quantities
extending across spacetime. The first step in this direction is the calculus
of flat spacetime. In a flat geometry, we may assume that

- points in spacetime form a vector space, with differences of points
being physically-meaningful displacement vectors; and that

» fields are parametric functions of a point in spacetime.

We reserve the word FIELD to mean a map with a fixed codomain. For
instance, the electromagnetic bivector field in flat space F : R* — A’R*
is a function between vector spaces, and values of F at different points
in spacetime belong to the same space, making expressions like F(x) +

F(y) € A well-defined.

These assumptions are acceptable in special relativity, but in arbi-
trary regions of spacetime and in the presence of gravity, curvature pre-
vents spacetime from admitting a meaningful vector space structure. It
is then un-physical to compare field values at different points in space-
time. (Curvature leads to differential geometry and comprises part II.)

This chapter defines differentiation of fields, introducing the exterior
and vector derivatives as instances of the ‘algebraic derivative’, within the
exterior and geometric algebras, respectively. These devices combine
derivative information with the geometrical structure inherent in the

67



47 By a change of
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d
= F(x + ,su“ea)|£:0 =
d _
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Chapter 6. Calculus in Flat Geometries

algebra at hand. To demonstrate their utility, Maxwell’s equations of
electromagnetism are exhibited in both algebras.

6.1. Differentiation of Fields

The derivative of a vector field F : V — A in the direction u € V at
x € V may be defined in the usual way,

F —F
o, F(x) = % F(x + ¢u) . = l1_r)r(1) (x + gl:) (x)
£=

The directional derivative is linear in both its argument and direction.*’

We define the notation 9, := 9, for brevity, so long as it is understood
that this is not a partial derivative with respect to a scalar coordinate, 637.
Of course, it may be viewed as such by setting f(x',...,x") = f(x'¢;) so
that

~ 0
0 f(x'e;) = —af(xl, v X,
ox

though this is a basis-dependent definition, and we seek freedom from
coordinates wherever possible.

Suppose F : V — Ais some algebra—valued field. It is useful to define
a kind of “total” derivative D F which does not depend on a direction u
in J,F, but instead encompasses, in a sense, all directional derivatives
in a single object DF : V — A. The motivation for this is that the
soon-to-be-defined exterior derivative (of exterior algebra) and vector
derivative (of geometric algebra) are realised as special cases of such a
construction. The derivative D will be defined whenever an inclusion
1 : V¥ — A of dual vectors into the algebra is given.

Definition 25. Let F : V — A be a field with values in an algebra A
with product ®, equipped with an inclusiont : V* — A. The ALGEBRAIC
DERIVATIVE Of F is

DF :=ue") ® 9, F (6.1)

(summation on a) where {e,} C V and {e*} C V* are dual bases.
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6.1. Differentiation of Fields

To understand this definition, consider the simple case of the free ten-
sor algebra F : V — (V*)®. We leave the canonical inclusion: : V* —
v")°®
e’ ® 9,F, which simply encodes the partial derivatives of a k-vector F in
a (k + 1)-grade object. In component language, (D Fyq,...q. = 9,Fq,...q,-
Definition 25 becomes more interesting when the algebra’s product ®

implicit. Given a basis {e?} C V*, the algebraic derivative is D F =

carries more structure.

6.1.1. The exterior derivative

Consider a vector field F : V — AV™ with values in the (dual) exte-
rior algebra. The algebraic derivative in this case is called the EXTERIOR
DERIVATIVE d, and eq. (6.1) takes the form

dF = e* A 9,F,

where {€?} C V" also determine a basis of AV™ (so the canonical inclusion
t : V¥ — AV”* may be omitted). More explicitly, if F is a k-vector field,
then dF = 9,F, ..., e n e A A e is a (k + 1)-vector.

Viewing AV™ as the subspace of antisymmetric tensors (see section 2.2.1),
the exterior derivative is the totally anti-symmetrised partial derivative.

In components, (dF)g,...q, = 9[q,Fy,-.q,]- [-] denotes
anti-symmetrisation over

The treatment of exterior forms is identical. On an exterior form field the enclosed indices.
oV > Qk(V, U), the exterior derivative is formally defined by its Aalby- =

1 a
i = 2ioes, (-1 Adlbyybyw]
action on vectors, kel SH0€% W Potoy

(do)(ug, uy, ..., ) = (e A 9u0)(up, Uy, ..., 1)
1
= > (=1)7€%uy(0)) Aap(Up(1)  Us(r)

0541
k
= Z(—l)l O, (U, ...r U .., U),
i=0

under the Spivak convention (see 2.2.1.1). Note that the directional deriva-
tive acts on the position dependence of ¢ only — the vectors u; € V are
fixed input vectors to the field dg. This changes when generalising to

69



48 We could just as well
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forms defined on a manifold, where correction terms are needed to ac-
count for partial derivatives of input vectors (discussed in 7.2.1.1I).

6.1.2. The vector derivative

The algebraic derivative in the tensor and exterior algebras are some-
what uninteresting because they are easily expressible in component

form (e.g., 9,F, or J4Fg,...q.1)- This is not possible in the geometric

.
algebra, however, because &(V,n) is not Z-graded, and we would face
the problem of notating inhomogeneous objects with a variable num-
ber of indices. The algebraic derivative is, however, still geometrically

significant and extremely useful in geometric algebra.

In E(V,n), the algebraic derivative is called the VECTOR DERIVATIVE,
denoted 9. Explicitly, if F : V — ©(V,n) is a multivector field, then in

eq. (6.1) ® is the geometric product and we take inclusion an*®

V*sum (u’) e 9V,n).

Here, we use the canonical inclusion: : V = &(V,n) - &(V,n) and the
metric to relate V¥ — V. The vector derivative then reads

oF = e 9, F
(summation on a) where {e,} C V and {e*} C V* are dual bases, and

juxtaposition denotes the geometric product. If F is a homogeneous k-

a

vector, then we may write its components as F = F, .., e A+ Ae% and

hence
OF = 0paFy ..q €7(e™ N -+ 1 %)

Note that these terms are not (k + 1)-blades, but geometric products of
vectors e® with k-blades — in general, (k + 1)-multivectors.

We may regard the vector derivative itself as an operator-valued vec-
tor,

a = e%9,,
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reflecting the fact that @ behaves algebraically like a vector. For instance,
the derivative of a vector u has scalar and bivector parts, du = d-u+adau,
just like the geometric product of two vectors, uv = u+v+unav. For a
general multivector F, then, we have

dF=9|F+dnF.

The (k+1)-grade part dAF is the curl of F, and coincides with the exterior
derivative dF. The (k — 1)-grade part involves the metric, and can be
related to the ‘interior’ derivative *dxA via Hodge duality.*” Indeed,
using eq. (3.5), the vector derivative may be emulated in the exterior
algebra by the combination

dF = »1d » F + dF,

although it is easier to treat it as a vector in the geometric algebra.

6.2. Case Study: Maxwell’s Equations

Expressed in the standard vector calculus of R, Maxwell’s equations for
the electric E and magnetic B fields in the presence of a source are

V-E= £ (Gauf}’ law)

€0
V-B=0 (Absence of magnetic monopoles)
VxE = —-0;B (Faraday’s law)

V x B = py(J + €y0;E) (Ampere’s law)

where p is the scalar charge density and J the current density. The
constants g and p are the vacuum permittivity and permeability, re-
spectively, related to the speed of light by &y poc® = 1.
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Non-relativistic
quantity dimension
E MQ7'LT™?

B MQOT
p QL™

J QT'L™*
b MQTL

& M—IQZL—3T2
v,o, LN, T

c LT™!
Relativistic
quantity dimension
F MQ™'s!
J Qs
Ho &g MQS
9 st
c 1

Table 6.1.: Dimensions of
physical quantities in
Maxwell’s equations. M is
mass, Q is electric charge,
T is duration and L is
length. In the relativistic
formulation, T and L are
unified and replaced by
spacetime interval S.
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6.2.1. With tensor calculus

The above can be expressed relativistically as eight scalar equations,

OuF" = o J”, 9,G" =0 (6.2)

where FV = —F"F is the Faraday tensor and G"" its Hodge dual, both
encoding the electric and magnetic fields via

i
o E . ik 1
FO ==, Fi = —¢ikp,, G = et o P, (6.3)
and where J* encodes both the static charge density J° = cp and current
density J' = J. The left of egs. (6.2) is the source equation, while the
right is the second Bianchi identity. These equations assume the metric
signature (+———), where the equivalent equations under (—+++) are

obtained by a change of sign FF' +— —F/".

Proof. We show how the relativistic equations (6.2) reduce to the non-
relativistic vector calculus equivalents. The 0-component of the source
equation is aﬂF“O = 9,E' /c = 1y J° = pocp implying V - E = p/ey (Gaul’
law). The i-components are

aOFOZ + ajFJl — lat(_g) _ ajgjszk — ’u()]z

c c

or 9By = o J' + pogodE,
which is equivalent to Ampere’s law. The 0-component of the Bianchi
. . 0 _ n:
identity 9,G'" = 0 is

Lok = _Lg oMo B = _oB =0,
o Ik 2% i i
which using the identity gijkgjkl = 251-1 is V- B = 0. Finally, the i-
component gives

A 1 o . .
0= 8HG’” = Eé'ulpo-a’quo— = EEOIjkaoF]k + €]lkoaij0
15 1 i 1 , i
= _Zgljkgj aoBl - %El] aJEk = —%(@Bl + &V aJEk)

yielding Faraday’s law V x E = —9;B. ]
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6.2.2. With exterior calculus

It is easy to translate between exterior calculus and tensor calculus by
identifying the former as the subalgebra of totally antisymmetric ten-
sors (as in section 2.2.1). We will employ the Spivak convention, which
in particular identifies 2-forms with tensors via e re” = e/ ® e —e" ® e
where e/ are spacetime basis vectors (having physical dimensions of
spacetime interval, S). We then identify the electromagnetic bivector as

1
O — =
‘/'_2

Fyet ne’ (the % is omitted in the Kobayashi—Nomizu convention).
Since the charge density ] ~ QS has dimensions of charge per
spacetime 3-volume, it is natural to interpret it as a trivector

1
s = ]ﬂVAey neyneyi=JHxe, = gguv/la]ae” ne' aet

so that the coefficients J*** ~ Q have dimensions of charge.* %0 Note that dual vectors
e, have dimension 57"

The relativistic Maxwell equations are then

dxF = w.f, dF =o.

Proof. The first equation written in component form is

1 1
Zg,uvpaa/leo- = gg/l,uvaﬂo.]a’

which, by contracting with ¢***# and using the identities e*"4# Euvpo
2(5;}55 — 55155) and guquym = 3!5?, reduces to

1
E(BAFM — 3 FPY) = po JP

or 9, F* = 1y J”, the source equation. The Bianchi identity can be rewrit-
ten as

1 1 y[upo) 1
vV % o __ % lo} — VUPpO —
a/JGH = 58‘” paapr = —58 Hp 8qua = —58 Hp (9[#Fp5] = 0,

implying dF = 0. ]
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6.2.3. With geometric calculus

Using the spacetime algebra &(1, 3) with vector basis {yﬂ} as introduced

in chapter 4, the electromagnetic bivector is°!

F = FHVY/JyV (64)
and the current density is
] = ] Hy;z-

Maxwell’s equations are equivalent to the single multivector equation

Proof. The multivector equation dF = p ] separates into a vector part
d-F = py] and a trivector part d A F = 0. In terms of components, the
left-hand side of the vector part is

- F = ) F"y* - (yp),

whose only non-zero components are those for which p # v. If A, p and
v are all distinct, then y* - (yuy) = <ylyﬂyv>1 = 0. There are then two
cases, A = p and A = v, which respectively simplify to

Yy = YY), = v
Y- ) = YY), = Y

so that
9-F = (0,F"y, — 3,F"™y,) = ,F"y,.
Equality with the right-hand side p /"y, recovers the source equation.
It is clear that the trivector part
INF = RF"Y A (yup) = HFny  ny' ay’ =0

is equivalent to the exterior algebraic Bianchi identity d% = 0. ]

74



6.2. Case Study: Maxwell’s Equations

l. In terms of electric and magnetic fields

It is worth showing how the relativistic Maxwell equation (6.5) splits into
a frame-dependent description in the geometric algebra framework. As
in section 4.1, we use the notation u to indicate relative vectors; i.e., time-
like bivectors of the spacetime algebra &(1, 3) which are simultaneously
grade-1 vectors in the observer’s algebra &(3).

From egs. (6.3) and (6.4), the electromagnetic bivector is expressed in

the y,-frame as>?

F=1F4+1B (6.6)
C

where E = Ei?fi = EiYiYO and
HE:MW=%W“@&:%&M%W~

Equation (6.6) should be compared with the Riemann-Silberstein vector
[34] which has the form Fg = E + icB.

The current density spacetime vector J may be viewed under the
space/time split by (left) multiplying by the frame velocity ¥y,

-

Yol =cp—1J,
where J° = cp and J=17 iG;. Similarly for the vector derivative, we have
10 2=
a=-24+7
Yo cot

in either signature.

Putting these together, the yy-frame equation y, dF = pyy,J is

(224 5)(2E +18) = po(en—J),

By expanding and equating grades, we instantly obtain four equations:

16 E= Hocp (scalar)
c
19k +I(VAB) = —,uof (vector)
c2 ot
l% NE + 1B =0 (bivector)
c c ot
I(V-B) =0 (pseudoscalar)
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Note that the cross product relates to the bivector curl in €(3) by
urv=I(uxv) sothat VxX= —]I(%/\)_()).

Hence, by adjusting by factors of ¢ and I (and using pipepc® = 1), the above
equations reduce immediately to Gauf}’s law, Ampere’s law, Faraday’s
law and the magnetic monopole equation, respectively.

The calculations in this section were performed assuming the metric
n = diag(+——-). In the (—+++) signature, y,J = —cp + J differs by an
overall sign, which is absorbed by the change of sign F — —F.

Il. Circularly polarised plane wave solutions

In a vacuum, Maxwell’s equation
(12 + %)F =0 (6.7)
cot
admits plane wave solutions

F, = Fyetlet—kx), (6.8)

where w > 0 is the frequency and k the wave vector. It should be em-
phasised that, in the geometric algebra, eq. (6.8) is a real multivector —
we are not invoking the unit imaginary i, and do not implicitly take the
real part of F, at the end of calculations. Instead, the ‘complex plane’ is
replaced with something geometrical: the E-B plane. Indeed, from the
geometric meaning inherent in the algebra, the solution (6.8) necessar-
ily describes circularly polarised light, with the E and B vectors rotating
within the plane normal to the propagation direction [43].

This can be established by substituting the plane wave eq. (6.8) into
eq. (6.7) to get

ﬂ:][(9 — %)F =0.

c

The condition (w/c— 7<))F = 0 encodes several geometrical relationships.
Firstly, by multiplying on the left by (w/c + k), we see that

2
(“—2 —kz)F =0
c
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which, since F # 0 gives the expected dispersion relation v = c||E||
Hence, by dividing by the magnitude of k, we have (1 - k)F = 0 where
k=1 Reintroducing the unknown electric and magnetic field vectors,
this implies

(1—k)(E +1B) = E+1B—kE—kIB =0,
1 2 0,2 1,3

where the grades of terms as multivectors in €(3) are indicated. Taking
only the even or odd parts yields the condition

kE = 1B,

which implies two things: firstly, by multiplying both sides by their re-
verse, we see that |E| = |B|; secondly, by dividing the right by the vector
B we obtain

kEB =1,
and conclude that (lAc, E, B) forms a right-handed orthonormal frame.

Finally, to see the time dependence, evaluate the solution on the k¥ =
0 plane, F, (t) = Fye 1! and expand noting that 1B, = kE, = —Ek.

f?(t) + ]Iﬁ(t) = (EO + ]IEO)(cos wt + I sin wt)
= (EO + HEO) cos wt + (]IEO — EO) sin wt

Taking only the vector part of this equation yields
f?(t) = EO cos wt — EO sin wt.

Thus, looking toward the approaching plane wave F,(t) moving in the
k direction, the E(t) and hence B(t) vectors are rotating clockwise; for
F_(t), anticlockwise.
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Geometry on Manifolds



Chapter 7.

Spacetime as a Manifold

The investigations of part I were restricted to flat geometries. Special rel-
ativity models spacetime as a homogeneous, isotropic Minkowski vector
space. Removing reference to an origin, this is an affine space. However,
in the general theory of relativity, spacetime no longer has an intrinsic
affine structure, instead exhibiting curvature to incorporate gravity. The
mathematical demands of curvature call for the differential geometry of
smooth manifolds.

Here we give a condensed, pragmatic definition of a manifold as a
space which locally looks like R™ upon which one can do calculus.”

Definition 26. A MANIFOLD ./ OF DIMENSION n is a nice’* topological
space which is locally Euclidean. This means for every point x € /M there
exists a neighbourhood x € % C M and subsetU C R" with a homeomor-
phism> ¢ : U —» U, called a COORDINATE CHART, between them.

A SMOOTH MANIFOLD is one for which all transition functions ¢ o ™1 :
0 N UNV) > ¢ YU n V") between coordinate charts ¢ : U —» U and
¢ V" —» V are smooth (meaning infinitely differentiable).

Essentially, definition 26 is designed to guarantee that well-behaved
local coordinates always exist. A coordinate chart ¢ : % — R" defines
coordinate scalars {xi} = {xl, ..., x"} by x' = pr; o . These are called
GLOBAL if % =  is the entire manifold, and LocaL if % C .. We often
call a point x € ./ by the same symbol as the coordinates x' : /4 — R
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>3 See [25, §1] for a more
rigorous definition in
terms of charts and atlases.

>4 Here, a ‘nice’

topological space is:

1. Hausdorff: each distinct
pair of points have
mutually disjoint
neighbourhoods (so it
is “not too small”); and

2. second-countable: there
exists a countable base
(so it is “not too large”).

> continuous bijection

with continuous inverse



%% More precisely, each
vector u € T, A is an
equivalence class of
derivatives evaluated at
the point x, where
different derivations
which agree at the point x
are identified.

>7 Specifically, the
topology of a fibre bundle
(see section 7.2).
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without the index — but these objects are not strictly interchangeable.

A structure-preserving map between manifolds is a continuous func-
tion; and between smooth manifolds, a differentiable function. For brevity,
we assume the definitions that follow take place in the category of man-
ifolds, and assume all maps between manifolds to be continuous. Further-
more, if the qualifier “smooth” is present, we operate in the category of
smooth manifolds and such maps are assumed differentiable. Thus, the
coordinate scalars x' are continuous functions, and are differentiable if
the manifold is smooth, etcetera.

7.1. Differentiation of Smooth Maps

Manifolds themselves do not have inherent vector space structure. How-
ever, being locally Euclidean means there is a real vector space naturally
associated to each point:

Definition 27. The TANGENT SPACE T, J of a smooth manifold at a point

x € M is the vector space of scalar derivatives at that point.>® In any local
N

coordinate chart {x’}izl of M containing x, this is

T, M = span{ —

d }”
Hedizr

ox

The TANGENT BUNDLE T / is the disjoint union of all tangent spaces T M =

{(x,u) | x € M,ucT, M} equipped with an appropriate manifold topol-
57

08

Given a smooth manifold, its tangent bundle comes for free: its con-
struction is canonical. Similarly, given a smooth function f between
manifolds, there is a kind of ‘tangent’ or derivative d f which also comes
for free. In the same way that the tangent bundle consists of ‘direc-
tional derivatives of points’ in the manifold (i.e., tangent vectors), the
differential df encodes the directional derivatives of f at all points in

the domain.”®
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7.1. Differentiation of Smooth Maps

Definition 28. The DIFFERENTIAL or PUSH FORWARD df = f, of a map
f M — N between smooth manifolds is the mapdf : TM — TN
defined by

@AF @)@ 1y = u = ), (7.1)

for each point x € M, vectoru € T, M and smooth functionp : N — R.

In the definition above, vectors act on scalar functions as derivations;
hence d f(u), a vector, is defined by its action on an arbitrary scalar field.
Intuitively, if u € T, # is a vector at a point x € ., then the vector
df(u) € Ty N is interpreted as the derivative of f(x) € / in the
direction wu.

Note that d f(u) may not be defined everywhere on 4. If u|, € T, /A
is now a family of vectors defined everywhere over ./, then d f (u)| ¢(,) =
df(uly,) is defined only at each f(x) € /. This means that if f fails to
be surjective, then d f(u) is not defined at those points lying outside the
image f(.#) c . Likewise, if f fails to be injective at a point y € A/,
then df(u) is multivalued at y. Only if f is bijective does d f(u)|, have a
single value everywhere.

The meaning of definition 28 may become clearer when expressed in
coordinates. Suppose {x'} is a local chart of ./ containing a point x € ./,
and {y] } a chart of /" containing f(x). With associated coordinate bases
T, M = span{ -}and T N = span{ } eq. (7.1) takes the full form:

)
aresz)] 5
ox’ ayJ f(x)

The first equality is the definition itself, and the second is an application
of the chain rule. Since ¢ is an arbitrary smooth function, this holds as

3y f
x (9)/

_ ape f
£Gx) ox'

an equation of differential operators, and we may remove reference to
any particular ¢ on which the operators act.

(7.2)

df (o, ja.‘ e
[4f (o)) 0 e

We reduce typographical complexity with o; = and 9; a 5, being

aware that these are basis vectors of dlﬁerent tangent spaces. We also
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>8 This parallel is precise:
d and T form a functor in
category of smooth
manifolds, sending
fl - N to

df : T — TN.Some
authors use the symbol T
for both.



Fig. 7.1.: The derivative of
the point x € ./ along the
direction of increasing x*
is a tangent vector

9,x € T, M. The vector is
tangent to the dotted line,
along which all
coordinates but x* are
constant.
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abbreviate f/ := /s f so that f/(x) is the jth coordinate of the point f(x)
in the y/ chart. Thus, the coordinate form of df is precisely the Jacobian
matrix,

y
j_of

[4f @)Y ===

Turning back to eq. (7.2), the partial derivatives 9 / dx' act on smooth
functions f/ : ./ — R to produce smooth functions 9 f’ / oxt M —
R. However, since we have an intuitive picture of the directional deriva-
tive of the point f(x) as x is displaced, it is useful to formally extend the
notation 9 / 9x' so that we may write the partial derivative of a mapping
of points f : M — N. Thatis, af/ax" ‘x € Tg(y) /¥ is the infinitesimal
displacement vector of f(x) € ./ caused by an infinitesimal variation in
the ith coordinate of the source point x. This is the meaning of the last
term in eq. (7.2), so the desired shorthand is

7,

9 of 9
—f = i.a or, in full, —f —
x 9V

3y o f
ox’ - ox? ox? .

X ox!

fx)

With this, eq. (7.2) may be written as

.0
df(u) = u’—f.. (7.3)
oxt
This condensed notation is useful, despite being implicit: take for in-
stance the coordinate functions x' : .# — R regarded as maps between
manifolds. Then eq. (7.3) yields the defining property of the coordinate
dual basis,
i _ axi o
dxl(a]) = @ = 5],

where we have identified the one-dimensional vector space T, R with

R itself.

Lemma 22 (Chain rule). If f o g is a composition of maps between smooth
manifolds, then d(f - g) = df - dg.
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7.2. Fibre Bundles

Proof. Acting on a vector u and applying the forward-pushed vector to
a scalar field ¢, we obtain

d(fog))p) =u(pefeg)
=u((pe f)eg) = (dgw)(e- f)=df(dgw)(p)

by three applications of definition 28. ]

7.2. Fibre Bundles

For flat geometries, we have modelled “fields” as functions into a fixed
vector space, e.g., the electromagnetic bivector field F : R} — A%R*%.
Such a map makes no distinction between the vector space A’R* evalu-
ated at one point in spacetime and another. This would suggest that
all values of a field are directly comparable, making expressions like
“F(x) + F(y)” meaningful for different points x and y. However, these
kinds of expressions are ill-defined for general smooth manifolds, since
they depend on the way tangent spaces are identified. Instead, it is bene-
ficial to distinguish between codomains at each point in the domain, and
treat F(x) and F(y) as belonging to different spaces entirely.

For a concrete example of why this is necessary, take fluid flow on
the sphere §2. Any representation of the fluid flow as a field f : &2 —
R? is only defined after the fixed codomain R? is identified with each
geometrically—distinct tangent plane on the sphere. Notice, such an
identification is not canonical. Even worse, it is not even possible to
do this smoothly everywhere on the sphere®® (or more generally, for
any non-parallizable manifold). A basis-independent representation of
f requires treating each tangent space as distinct.

In doing this, we are led to the tangent bundle T §?, where all the
tangent planes of &2 are collected in a disjoint union. The vector field
f on the sphere now becomes a section of TS?, oramap g : &% —
T &2 such that g(x) belongs to the tangent space at x. No longer is the
expression g(x) + g(y) well-defined.

The tangent bundle is a special case of a fibre bundle, which is a man-

33

A1

Fig. 7.2.: Vectors in
different tangent spaces,
and their basis-dependent
representation as an

R2-valued field.

> Proof. Consider a
constant non-zero vector
field f(x) = u € R? If all
tangent spaces are
smoothly identified with
R?, then f represents a
fluid flow on &% which is
smooth and nowhere
vanishing. But this is
forbidden by the hairy ball
theorem (which states that
any smooth vector field on
the sphere must vanish at
some point).



(b)

Fig. 7.3.: (a) A field

f : M — F, where values
at any point can be
compared. (b) A fibre
bundle F & & —» / with
a section f € I'(¥) whose
individual fibres F, are
labelled by base point x.

Chapter 7. Spacetime as a Manifold

ifold consisting of disjoint copies of a space (called the fibre) taken at
every point in a base manifold.
Definition 29. A FIBRE BUNDLE F < F 2> M consists of

e a4 BULK MANIFOLD & ;

* a BASE MANIFOLD M ; and

e a surjectionmt : F — M, the PROJECTION, such that

. the inverse image F, := n~'(x) of a base point x € M is homeomor-
phic to the FIBRE F.

Definition 29 takes place in the category of manifolds, so the projec-
tion 1 : F — M is assumed continuous. In a SMOOTH FIBRE BUNDLE,
the projection r is differentiable and F, ¥ and . are all smooth mani-

folds.

Many different kinds of fibre bundle may be considered by giving F
more structure. For example,

+ a VECTOR BUNDLE is one where the fibre is a vector space;

« a PRINCIPAL BUNDLE is one where the fibre is a group (usually a
Lie group); and

« an ALGEBRA BUNDLE is a vector bundle where each fibre is equipped
with a (smoothly varying) algebraic product; and so on.

. Trivialisations and coordinates

The bulk & of a fibre bundle F & % —» . is itself a manifold (of
dimension dim # = dim ./ + dim F) so we may always prescribe local
coordinates on & . If we already have coordinates {x"} on the base .#
and {x“} on a fibre F, then we often want to use the same coordinates
{x#, x?} to describe the bulk &. This requires locally splitting the bulk
F — JM x F into its base and fibre components, identifying each fibre
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7.2. Fibre Bundles

with F so its {x?} coordinates carry over to all fibres. This splitting, if it
can be done globally, is known as a (global) trivialisation of the bundle.

Definition 30. A TRIVIALISATION of a fibre bundle F — F 5 M is a
homeomorphism ¢ : F — M x F such that pry o ¢ = 7.

It is not always possible to find a global trivialisation of a fibre bundle,
but if it is, the bundle is called TRIvIAL and there may be many different
possible trivialisations.®

However, it is always possible trivialise locally. That is, for any base
point x € ., there exists a neighbourhood x € U C ./ for which
the subbundle F = 7~ 1(U) % U admits a trivialisation. Hence, it is
always possible to assign local coordinates {x*, x?} to the bulk of a fibre
bundle, where x* are coordinates on the base and x% are coordinates on
the fibres, such that x# do not vary along the fibres. In other words, local
trivialisations are equivalent to local coordinates {x*, x}.

Il1. Sections of fibre bundles

In the language of fibre bundles, a field f : .# — F is replaced by a
section, which is a ‘vertical’ map®! f : .# — Z into the bulk F such
that f(x) € F,.

Definition 31. A SECTION f of a fibre bundle F < F 2> Ml is a right-
inverse of . The space of sections is denoted

I(F)={f : M > F |- f=id}.
(Again, sections f € I'(¥) are assumed continuous, and SMOOTH SEC-
TIONS are sections of smooth fibre bundles for which f is smooth.)

For example, the instantaneous fluid velocity u on a sphere &2 is a
section u € T(T &2) of the tangent bundle, with a single vector at x € &2
is denoted ul, € T, $2.

35

60 o simple non-trivial
fibre bundle is the M6bius
strip, viewed as a bundle
over the circle 8! with
fibre [0, 1]. The trivial
bundle §! x (0, 1) describes
a strip without a twist.

61 The adjectives ‘vertical’
and ‘horizontal’ are used
in reference to e.g., fig. 7.3,
where fibres are drawn as
vertical stalks over a
horizontal base manifold.a



Chapter 7. Spacetime as a Manifold

7.2.1. Algebra bundles

A general procedure to convert locally defined objects into structures
on a manifold is to form the associated bundle, with operations acting
pointwise on sections.

. Geometric algebra bundles

For instance, a geometric algebra €(V,n) may be defined on a manifold
by taking V to be the vector space of sections I'(7") for some vector bun-
dle 7". We write &(7,n) := E([I(7"),n) to indicate this construction,
with (u,v) |, = n,(uly, v|,). We require the metric to vary smoothly, so
that AB € I'(7") is a smooth multivector section whenever A and B are.
Most often, we take 7 to be the tangent bundle &(T .Z, n); multivectors
are then geometrical elements in physical spacetime.

I1. Exterior differential forms on manifolds

Section 2.2.2 defined exterior forms Q(V, A) as alternating multilinear
maps from the fixed vector space V® into A. Exterior forms can be ex-
tended to exterior differential forms, existing on manifolds. Such objects
define alternating maps from (T, .4 )% for each point x € / in a smooth
way.

Although the entire bundle T .Z is not a vector space, the space of vec-
tor sections I'(T ) is. Hence, we may consider the space Q(/, &) :=
QI(T M), T(&)) of T'(&)-valued exterior forms, for some vector bundle
V < & —» M. As with exterior forms, the wedge product is defined as
in eq. (2.7), only now acting pointwise on sections of exterior forms.

An element of Qk(ﬂ , &) is called an &-VALUED EXTERIOR DIFFEREN-
TIAL k-FORM, where ‘differential’ distinguishes it as an object on a man-
ifold. For scalar-valued exterior differential forms, we take & to be the
trivial line bundle ./Z xIR. We sometimes use the notation a to emphasise
that « is an exterior differential form.
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7.3. Vector Flows and Lie Differentiation

I1l. The exterior derivative revisited

For exterior differential forms Q(., <), the exterior derivative is de-
fined in the same way as in section 6.1.1 for exterior forms Q(V, A) —
except it must now be made explicit that only the form itself is differ-
entiated, not its vector arguments. Indeed, since the exterior derivative
of a k-form ¢ is defined independently of vector arguments, it cannot
depend on their derivatives. Informally, we may write

k
dp)(y ® @) = Y (1) () (ty ® -+ @ 1h; @ -+ ® )
i=0
where u;(¢) means that only ¢ is differentiated. Formally, however, vec-
tors may only act to differentiate scalars, not forms, so we may rewrite
this as

k
(o) (o ® - @ w) = Y (D u(p(uy @ ~ @ ; ® -+ ® )
i=0
=Y DY p(uu] @uy ® -+ @ @ ® il ® - ® ).
j<i

The first term involves scalar derivatives of p(uy ® - ® #; ® - ® uy.),
and the second cancels out unwanted terms involving derivatives of u;.
A useful special case is the exterior derivative of a 1-form, which reads

(dp)(u, v) = u(p(v)) — v(p(w)) — ([u, v]).

7.3. Vector Flows and Lie Differentiation

In general, the derivative of a section of a fibre bundle is not defined, be-
cause there is no way of comparing fibres without additional structure
(such as a connection; see chapter 8). For some kinds of object, however,
it is possible to define transport between fibres using the flow of a tan-
gent vector section. We call objects for which this is possible FLOWABLE.
Generally, tangent vectors and objects built on top of the tangent bundle
are flowable.
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Note that the same symbol
fl., is used to denote the
flow of different kinds of
objects.

62 Risking overloaded
notation, ﬂ; on the
left-hand side acts on
vectors, while on the
right-hand side on points.

Chapter 7. Spacetime as a Manifold

In this vein, the value of a flowable object at a point x may be directly
compared to its value at some other point y by flowing the y-value back
to the x-fibre. This enables the definition of a kind of derivative with
respect to the flow — a construction called the Lie derivative.

Definition 32. The Frow of u € I(T.#) is the 1-parameter family of
diffeomorphisms ﬂf, : M — M satisfying

= u|x

d .t
— 1l

for all values of the parametert.

Definition 33. The LIE DERIVATIVE £,A of a flowable object A along a
tangent sectionu € I(T M) is

d .—
ful = i, A

=0

Scalar sections f : # — R are flowable by defining ﬂ; f=eMf.
For example, if # = IR is one dimensional, ﬂgx f=e%f(x)= f(x—1)
is the Taylor series of f translated by +¢. Tangent vectors v € T ./ are
also flowable, using the differential of a flow d(ﬂf,) Tl — TUM.
Specifically, we define the flow of tangent vectors

flyv = d(fly,) (v)

in terms of the flow of points.®? Other flowable objects include struc-
tures built from the tangent bundle, e.g., tangent tensors (T .# )® or mul-
tivectors (T 4, n).

Lemma 23. The Lie derivative on scalar functions is £, f = u(f), and on
tangent sections is the Lie bracket, £,v = [u,v] :=u-v—vou.

Proof. For scalars, the result follows from £, f = % e M f o =u(f).

For tangent sections, unpacking definition 33 for a vector argument,
and then using definition 28 to rewrite the pushforward, we have

d 4 _d —t
E Sl = 7 A(L) (Vgg)f \O =g "Bl
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7.3. Vector Flows and Lie Differentiation

By the product rule over the two appearances of ¢, this is equal to

-

Using the chain rule (lemma 22) and definition 32, we have % gofl, ‘t: 0=
dg(u) = u(g). Taking g to be f and v( f) for the left- and right-hand terms
of eq. (7.4) respectively, we find

d —t d
(S remd] )|+ S Dl 7.4

X t=0

(£uv)f = —v(u(f)) + u(v(f))

which is the Lie bracket acting on the arbitrary scalar section f. ]

7.3.1. On tensors and differential forms

By requiring £,, to be a derivation, we deduce from £, p(v) = (£,0)(v) +
¢(£,v) the form of the Lie derivative on a covector ¢. Continuing in this

way, it follows that the Lie derivative of a general tensor T = T’”l"‘”PVl___qu n

- ®e, ®e1 @ ®eis
P
s p 5 q
£uT'u1m'upvl...vq =u a/lT'ulm'upvl...vq - Z TH7 'upvl...vqa/'luui + Z TH-Hp
i=1 i

i=1

This sets the stage for how much simpler the form of the Lie derivative
is on exterior differential forms and multivectors.

On exterior differential forms ¢, the Lie derivative may be expressed

in a basis-free fashion using Cartan’s “magic formula” %3
£yp=u]dp+ d(u | ), (7.5)

which employs the INTERIOR DERIVATIVE or HOOK PRODUCT U | : Qk(V) -
Qk_l(V) defined by (u | )(uy @ - @ ui) = p(u @ uy ® - @ uy). Cartan’s
magic formula is the statement that the Lie derivative on forms is the
anti-commutator of the exterior and interior derivatives.
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63 Sketch proof. d and u |
are anti-derivations, so
their anti-commutator is a
derivation (lemma 3).
Derivations agreeing on
scalars and exact 1-forms
(which generate the
exterior algebra) are equal.
Indeed,

u | df =u(f) = £,f while
d(u | ) = 0; and for exact
1-forms, u | dp = 0 while

d(u | @) = do(u) = £,0.



Recall the right
contraction

(A), L (B); € G, from
section 3.3.

64u[a=u'a=8uare
scalar operators, so the
wedge product is just
scalar multiplication. Also
note that u - dv = (u - 9)v,
and not u - (av).
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7.3.2. The geometric bracket and Lie derivative

Similar to Cartan’s formula (7.5), the Lie derivative admits a simple form
when applied to tangent multivectors, i.e., elements of the geometric
algebra (T . ,n). This insight begins with the following generalisation
of the vector Lie bracket [u, v] = u o v — v o u to general multivectors.

Definition 34. The GEOMETRIC BRACKET of two tangent multivectors A, B €
G(TM,n) is

[A,B] = (A|d)AB—(B|d)rA,

where @ acts on the multivector to its immediate right.

When acting on vectors, definition 34 reduces to the standard vector
Lie bracket,®*

(u|d)av—-(w|d)ru=u-dv—v-ou=[uv],

so the use of the same notation [ , | is appropriate. However, defini-
tion 34 is a significant generalisation of the vector Lie bracket, applicable
to multivectors of arbitrary grade.

Theorem 4. Let A € E(T M ,n) be a multivector andu € T M a tangent
vector. The Lie derivative of A along u is

£,A = [u, Al. (7.6)

This is an elegant result: it applies to multivectors of any kind (vec-
tors, k-blades, even inhomogeneous rotors) and the Lie derivative has
the same simple form.

Proof. Since £, is linear, it suffices to prove the case where A = a;A---ray
is a k-blade. Because £, is a derivation, we must have the result that

k
fylag A nay) = Z ay A Aua) A nay (7.7)
i=1
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7.3. Vector Flows and Lie Differentiation

where £,a; = [u, @;] is the vector Lie bracket. Expanding the right-hand
side of eq. (7.6), we have, by definition 34

lu,Al=u-0A—-(A|d)ru
We will expand the two terms on the right-hand side.

The first term is
k
u*dA=u-da rray) = Zal/\m/\u-aai/\-n/\ak (7.8)
i=1

since u * d = 9, is a scalar derivation.

The second term is (A | d) A u. Recall that contraction by a vector is
an anti-derivation (corollary 1). Thus, for some vector v,

k
viA=v|(agrra) = Z(—l)i_lal A ANVea) A Aag.
i=1

Wedging this with a vector u produces

k
u/\(vJA):Zal/\---/\(ai-v)u/\---/\ak, (7.9)
i=1
where the factor of (—1)"! is cancelled by anticommuting u to the ith
position. Now, note that A, v | Aandu (v | A) are of grades k, k — 1
and k, respectively, allowing us to exploit reversion to obtain

u/\(vJA):.dk(vJA)T/\uT:,ﬁk(AT | vDAau=(A|v)ru (7.10)

The notation on the right-hand side lends itself better to the case where
v is instead the vector derivative 9 acting on u, since u is then to its
immediate right. Thus, with egs. (7.9) and (7.10) we have shown that

k

(A[a)/\u:Zal/\---/\(a,--au)/\---/\ak. (7.11)
i=1

Combining eqs. (7.8) and (7.11) yields
k
[u,Al=u-dA—(A|d)ru= Zal/\---/\(u-aai—ai-au)/\---/\ak

i=1

whose right-hand side is equal to eq. (7.7). [
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Fig. 8.1.: Parallel transport
of the northern vector
depends on the path taken.

65 This is equivalent to
choosing a trivialisation
F — M X F, or
prescribing global
coordinates on &.

Chapter 8.

Connections on Fibre Bundles

We have seen that it is more natural to describe physical fields in the lan-
guage of fibre bundles rather than simply as maps into a fixed codomain.
However, with a field f € I'(¥) now formulated as a section of a fibre
bundle, it no longer makes sense to directly compare values f|, at differ-
ent points x € ./, since each value exists in its own fibre. But the ability
to compare across fibres is desirable, particularly because a notion of
derivative requires comparing values across ‘infinitesimally neighbour-
ing’ fibres. One way to accomplish this (at least for flowable objects) was
the Lie derivative of section 7.3. Another way which is applicable to any
bundle is to introduce the additional structure of a connection; this then
defines the covariant derivative of a section.

A trivial example is the usual connection on (the tangent bundle of)
Euclidean space. There, tangent vectors at a base point may be parallel
transported (i.e., translated irrotationally) to any other base point in a
well-defined, path-independent way. This defines an isomorphism be-
tween every tangent space and tangent space at the origin, forming a
connection on T R".

We may try to define connections on general fibre bundles in this way
— by choosing an isomorphism from every fibre to a single ‘reference’
fibre.®> But defining a connection like this is needlessly strict, and is of
course impossible for non-trivial bundles. (For example, T §? is non-
trivial; there is no way of smoothly identifying its tangent spaces.)

Instead, it is sufficient to identify fibres locally. In other words, we
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need only prescribe how values can be compared over infinitesimal paths;
from this we can compare any path-connected fibres. A connection
obtained this way is much more general: it accomodates non-trivial
bundles and curved connections, where parallel transport may be path-
dependent. (For example, parallel transport on the sphere embedded in
R3 is path-dependent.)

I. On general fibre bundles: Ehresmann connections

The most general kind of smooth bundle # is one where the fibres have
the minimal structure of a smooth manifold. We will specify a connec-
tion by defining vertical and horizontal motion within the bulk of the

bundle.

A point p € F in the bundle belongs to the fibre F(,) rooted at the
base point 7z(p) € . If the point p is moved within its fibre, the base
point remains fixed and the motion is said to be “vertical”. The tangent
space T, Fy(p) of the fibre (in isolation from the bulk) consists of those
displacement vectors which define vertical motion. Taken together, the
vertical tangent spaces of all fibres form the VERTICAL BUNDLE.

Definition 35. The VERTICAL BUNDLE of a smooth fibre bundle F — % —
M is a smooth (dim F)-dimensional tangent subbundle VF C TF de-
fined byV, F =T, F, for each point p € F.

On the other hand, a CONNECTION specifies how the value p € F
changes when the base point 7(p) € .4 moves, if p is to be considered
to move “horizontally”, i.e., if p is to undergo parallel transport.

Definition 36. A HORIZONTAL BUNDLE or (EHRESMANN) CONNECTION H on
a smooth fibre bundle F — % —» M is a smooth (dim ./ )-dimensional
tangent subbundle H C T & which is complementary to the vertical bundle
V CTF, in the sense that T, ¥ =V, F & H,, for each point p € F.

Note that while the tangent and vertical bundles T# and V& are
canonical constructions, the choice of a horizontal bundle H is not canon-
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Chapter 8. Connections on Fibre Bundles

ical: there may be many distinct horizontal bundles, corresponding to
different senses of “parallel transport”.

The requirement that H be complimentary to V. implies H,nV,, # =
{0} at each p € F. This means the restriction of drr : T, F < Ty () M

66 Using the fact that  to H,CT, & isan isomorphism.®® It therefore has an inverse,
kerdr = V&, implying
ker drlyy = 0. d;ﬂﬁj} t Tp(p) M — H, (8.1)

which acts to “lift” tangent vectors from the base into the horizontal
subbundle at p. This proves to be a useful construction:

T
Definition 37. Let F & % —» M be a fibre bundle with an Ehresmann
connection H C T % . The HORIZONTAL LIFT to the point p € F is the linear
map

Hy(x) 1
F(p) = —dﬂ'al : T”(p) M — Hp.

Also define the horizontal lift of a section f € F atx € M by

I(f)lx = —drlg, .

The horizontal lift of a section f is a horizontal-valued 1-form I'(f) €

Q' (., H) whose action on tangent vectors u we may write as I,(f) :=

Fig. 8.3.: The tangent I'(f)(u). This device is designed so that tangent vectors u are ‘lifted’

vector u at x is lifted to the ¢ horizontal bulk vectors —I,(f) located on the section f (see fig. 8.3).

horizontal bul,k vector < ifted’ means —I «(f) projects onto u, so that we have —dz(I,(f)) = u.
I,(f) at the point f(x). . . . . .

The minus sign is present to later align with the convention that a plus

sign is present in the covariant derivative of a vector section.®”

67 Eg.,

« _ b»
V, X = 9,X° + [, X"

8.1. Parallel Transportation

With a connection H C T defined on a bundle, a bulk value may
be moved between fibres so that the motion is always horizontal with
respect to the connection. This is called PARALLEL TRANSPORTATION of
the value along a path.

94



8.1. Parallel Transportation

More precisely, a path y : [0,1] —  representing the motion of a
value py € F from y(0) = n(py) can be LIFTED to a unique horizontal
path p, : [0,1] > & in the bulk. This path is ‘above’ y in the sense that
n(p, (1) = y(4), and ‘horizontal’ in the sense that dp, (1) € pr( 1) (see
fig. 8.4). In other words, p, is an integral curve of the connection along
y through p,.

It is useful to describe this path-lifting process as an operator, associ-
ating fibre-mappings to each path in /.

Definition 38. Ify : [0,1] — / is a path, then the TRANSPORT OPERATOR
trans, : Fyo) = Fy) is defined by trans, p = p,(1) for any point p €
Fy (o) where p, : [0,1] > & is the lifted path satisfying

n(p, (D) =y(2) and dp,(2) € Hy (; (8.2)

forall A € [0,1].

The transport operator is invariant under path reparametrisation, since
any path y’(1) = y(f(1)) where f : [0,1] — [0, 1] is smooth also satis-
fies eq. (8.2) if y does. Furthermore, the transport operator respects path
concatenation y, * y; and inversion,

trans = trans _1, trans = trans e trans.

y ! Y Y2*n Y n

Parallel transport along a path involves ‘integrating’ the connection;
and conversely, the ‘derivative’ of the transport operator is the horizon-
tal lift, in a way made precise in the following lemma.

Lemma 24. The transport operator along a path y satisfies the ordinary
differential equation

d
— t =—-Iypyet ; 3.3
a7y =TT R 2

where y(A < 0) denotes the sub-path of y from y(0) to y(A).
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68 Technically, trans, can

only be called a gyroup
element after a bundle
trivialisation (giving a
well-defined identity map
between fibres).

Chapter 8. Connections on Fibre Bundles

Proof. 1f p € F, () then we have trans, (1) p = py(4) where p, is the lift
of y through p, satisfying the conditions in definition 38. Differentiating
with respect to A,

d

T Ytag{lg)p = dp, (1) € Hy (), (8.4)
which is the horizontal by eq. (8.2). Additionally, from 7 o p, = y we
have dr - dp, = dy. Thus, we see that dp, (1) is horizontal lift of dy(4)
to the point p, (1),

dpy () = dl | (Ar(2) = ~Ty(py (D) (55)
Finally, since p, (1) = trans,(;. o) p, combining egs. (8.4) and (8.5) we
have the result. ]

Evaluating lemma 24 at A = 0 yields the following useful result.

Corollary 3. Lety : [0,1] — ./ be a path and let p € F,q).

4 trans p =~y (p)
dA y(1<0)" |1=o 14

An important consequence of this derivative relationship is that, since
trans, € G is an element of the group of fibre endomorphisms,®® the
horizontal lift is Lie algebra—valued, I}, € g = T;4G.

8.2. Covariant Differentiation

We have seen that a choice of connection H C T % determines which
tangent vectors in the bulk of a bundle are horizontal. This in turn de-
fines the parallel transport operator. From this we may also define the
coordinate-independent COVARIANT DERIVATIVE as the rate of change of
a section with respect to the connection’s horizontal.

To decompose vectors into horizontal and vertical components ac-
cording to H, we employ the PROJECTION and REJECTION maps

proij : TpF/T — H, and reij : TpF/T — Vp?f (8.6)
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8.2. Covariant Differentiation

defined by proiju + reiju =u € T, ¥ and idempotence.

Definition 39. The COVARIANT DERIVATIVEV f € Q' (M, V F) of a section
f € T(F) is defined by

Vf =rejyodf. (8.7)

Equation (8.7) is a vertical-valued 1-form, i.e., a linear map Vf|, :
Ty M — V f(x) F defined at each x € /. Acting on a vector u € T, A,
this reads

Vof =V f(u) = reij(x)(df(u)) €V F.

This can be interpreted geometrically as follows. The true gradient vec-
tor df(u) € Ty, F of the section f lies outside the fibre’s tangent space
Vi) F € Tp) F. But we do not want to measure horizontal motion
— just the effective vertical change of f(x) induced by moving x in the
direction of u. Thus, the covariant derivative V,, f € V ¢(,) # is the verti-
cal projection of d f(u) obtained by discarding its horizontal component,
where ‘horizontal’ is of course specified by the connection (see fig. 8.5).

Lemma 25. The covariant derivative as in definition 39 is equivalent to

Vof =df(u) + I,(f),

where df is the push-forward of f € I(¥) and I is the horizontal lift as
in definition 37.

Proof. By the defining property of the projection and rejection (8.6),

df = rejy o df + projy o df

sincedf : T — T & is linear. Therefore, rewriting definition 39,

Vf =rejy > df = df —projy o df.
Using eq. (8.1), the projection operator at p € F can be written as

projy, = dﬂlﬁl o dr.
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Chapter 8. Connections on Fibre Bundles

Finally, because f is a section, 7> f = id and so dr-df = id by the chain
rule (lemma 22). Thus, acting on a base vector u € T, A/,

Vaf = dftw) - dnlil, > dr e df(w)
= df(w) - drlg, (),

which by definition 37 gives the result. ]

I. Coordinate representation

At this point, we may introduce component forms of the above devices
for a general fibre bundle. Choose a (local) trivialisation of & so that
{xA} = {x#,x%} are (local) coordinates on .# and the fibres, respec-
tively. (Capital Latin indices run over all components, so we may write
(pA) = (x#, x?) for a bulk value p € #.) Vertical motion fixes the base
coordinates, but the fibre coordinates x* are not required to be constant
under horizontal motion.

Denote the associated coordinate basis of T # by (d4) = (9,, 9,)- Re-

call that I'(f) € Ql(ﬂ , H) is a 1-form, and hence is linear in its tangent
vector argument u € I'(T /). Thus, we define the components

so that I,(f) = w/'T,(f). Since I,(f)lx € Hy(y) is a (horizontal) vector,
we may also define the 2-component object I uA by

Fy(f) = F,uA(f) 94.
Note that horizontal vectors have both fibre and base components,
A9, =T,"8,+T,%d,

Indeed, the same applies to the push-forward d f = df* 9, +df* 9, since
df is not vertical (the non-verticality of the usual derivative d f is what
the covariant derivative attempts to fix). However, since V,,f € V.F as
a whole is vertical, the base components I',” and 9, f" must cancel.
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8.3. Connections on Vector Bundles

This is verified by noting that

dn(df(u)) =u and dﬂ(—Ff(x)(u)) = dﬂ(dﬂlﬁ}(x)(u)) =u (88

are equal. In effect, dr projects onto components of the base, dr(X4a,) =
X"9,, and so eq. (8.8) implies df"(u) = —u¥T,". Therefore, in compo-
nents, the covariant derivative of a section is

v,ufa = ,ufa + F,ua(f)’ (8.9)

with base components of d f(u) and I',(f) suppressed.® Note that f
need not be a vector section of a linear bundle — eq. (8.9) is general to
smooth fibre bundles of any kind.

8.3. Connections on Vector Bundles

So far, we have treated connections in the setting of a general smooth fi-
bre bundle. We now consider connections and their associated covariant
derivatives on vector bundles V < 7" —-» , with more or less additional
structure.

In general, the transport operator over a path is an invertible map be-
tween the start and end fibres. For a vector bundle, we often require this
to be a linear map, in which case the connection is said to be linear. By
lemma 24, this means the horizontal lift is also linear in its fibre argu-
ment, ['(A'X;) = AT(X;), so we may regard I, as a matrix and [ as a
matrix-valued 1-form, acting on vectors X € 7” by matrix multiplica-
tion, I'X := I['(X).

If {e,} is a basis for some vector bundle 7" with a linear connection,
then we define 3-component CONNECTION COEFFICIENTS,

Fyab = Fyaeb.
We may write expressions in both basis-free and component forms;

X =u'T,%Xe,.
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Chapter 8. Connections on Fibre Bundles

Linearity also allows the covariant derivative to be expressed as the
limit of a difference, similar to the usual analytical definition of the
derivative of a real function.

Lemma 26. Ify : [0,1] — J is a path and X € T',(7") is a smooth vector
section defined on y, then

Xly(e) = transy o) Xly(0)

Vi Xly) = lim -

d
“ U (X o — trans X |y(o>)

A=0

Proof. Using corollary 3, the right-hand side is equal to

which by lemma 25 is equal to V) X|y(0)- ]

I. Metric compatibile connections

A linear connection on a metrical vector bundle V & 7© —»  is called
METRIC COMPATIBLE if for any vectors X,Y € 7/,

(trans X, transY) = (X,Y)

where the transport operators are over some common path.

Lemma 27. A metric compatible connection satisfies
(X.Y)=~(XIY) or Typ=—Te

where I'jqp = 1gc L) p-

Proof. Consider transport along a path y(A < 0), and abbreviate T) :=
trans,(yq). Since (T} X, T}Y) = (X,Y) is constant with respect to 4, its
A-derivative vanishes. But we also have

d d
= <aTAX o Y> + <X, oY | A:0>

= (X Y) = (X Tyo)Y)

d
0= — (T} X, T,Y
dA(A 2Y)

A=0
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8.3. Connections on Vector Bundles

Since y is arbitrary, we have (I, X,Y) + (X, I,Y) =0forallue T /.

Writing this in component form,
Nab Fpac Xy = —Map X* Fybc Ye

which implies ng, I',% = —1gp I ”bc since X and Y are arbitrary. []

Metric-compatible connections are not unique. If n = dim.# and
d = dimV, then there are nd? components of I,%p, subject to nd(d +1)/2
compatibility equations I'q, + I'pq = 0, leaving nd(d — 1)/2 degrees of
freedom.

Il. On algebra bundles

On vector bundles equipped with an associative product, we often want
the linear connection to be constrained so that V is a derivation;

V(A ® B) = (VA) ® B+ A ® (VB). (8.10)
This is equivalent to requiring that the transport operator respects mul-
tiplication,

(trans X) @ (transY) = trans(X ® Y), (8.11)

similar to the metric compatibility criterion.

Proof. We will derive eq. (8.10) from eq. (8.11), showing their equiva-
lence. Denote T) := trans,(y.) for some path y. Using lemma 26, we
have

4
dA
We already know that d is a derivation. For the rightmost term, eq. (8.11),
linearity and associativity imply

Vi) @+ ® Xp) = d(X; @ -+ @ X)(P(0) — =Th(X; @ -+ ® Xp) A

=0

—iTAXi ® - ® Ty.X;

k
d
= = —Z;Xl @---@an)(;h:o@---@xk,
1=

A=0

which by corollary 3 gives the result, after removing reference to the
arbitrary vector y(0). O
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Chapter 8. Connections on Fibre Bundles

Consequently, a linear connection on a vector bundle 7" induces a
unique @-respecting connection on the algebra bundle generated by ®,
since the covariant derivative of a product may be reduced to a product
of covariant derivatives of vectors. For example, for a tensor bundle
7"® with a metric compatible connection, we derive the familiar formula
for general type-(p, q) tensors, written purely in tems of the connection
coefficients for 7.

P q
alaaua _ ala.aa a' alnnnc...a _ C aloooa
VyT pbl“'bq = ayT pbl"'bq + Z I i.T pbr“bq Z I bjT Pb1~~~c~~~bq (8.12)
ot

i=1 Jj

8.3.1. Bivector connections on multivector bundles

Using the tools of geometric algebra, the covariant derivative associated
with a metric-compatible connection may be expressed as a bivector—
valued form. This representation has the advantage that it is indepen-
dent of the kind of multivector object being differentiated. (In stark con-
trast to eq. (8.12) for a general tensor, for example.)

To derive the bivector connection, begin with the covariant derivative
of a vector X € &1(7',n),

_ b
VX = (0, X"+ I,%X")e,.
Rewrite the non-derivative term as

r

yab eaXb = 1 pab ea(eb - X)

1
= 5 pab (ea(eb - X) - (X ea)eb)
using the fact that I, = —I', for a metric compatible connection, and
that e*- X = X +e” is a scalar commuting with e®. Then, since for vectors
the inner productis X - Y = %(XY +YX), this is

1 1
2 Luab (%’ X + e?Xe? — Xe%e? — e?Xel) = 2+ Luab (e%e’ X — Xeeh).

In the right-hand side, the scalar parts from the products between e* and
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8.3. Connections on Vector Bundles

e’ cancel, leaving a commutator product of the bivector e? A e” with X,

1 b
El“uab(ea/\e)xX:a)yxX,

where we define the CONNECTION BIVECTORS in the basis {e,} by

b

® yape® ne’.

L = 5
Thus, we may write the covariant derivative of X as

VX =09,X+aw,xX, (8.13)
and define the CONNECTION BIVECTOR 1-FORM w by w(u) = w,, := utw,.

The connection bivector is especially useful because the form of eq. (8.13)
is in fact general to all multivectors.

Lemma 28. The covariant derivative of any multivector A € G(7 ,n) is

VA =dA+ o x A.

Proof. The covariant derivative is a derivation if the connection respects
the geometric product. Therefore, the covariant derivative of a product
of k-many vectors is

k

Yy ) = Y g (dut o+ 0 x ) -
i=1

= d(uy ) + 0 x (ug - ),
using eq. (8.13) and the fact that commutation by a bivector is a deriva-

tion (lemma 16). Since all multivectors are linear combinations of prod-
ucts of vectors, the general result follows. ]

A rapid alternative derivation of lemma 28 starts from the observation
that parallel transport along a path may be written as

trans A = RART,
Y
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Chapter 8. Connections on Fibre Bundles

since any transformation continuously connected to the identity which
preserves the geometric product belongs to the rotor group, Spin™ (see

o/2

section 3.4). Any such rotor is of the form R = ¢°/“ for a bivector o, so

we have

d 1
—t A= =R(cA— Ac)RT
A y(ieo) R o)

where 0 = o(A4) and hence R are functions of the path parameter. At
A = 0, the rotor is trivial, so by corollary 3 we find

d
—t A = —I50)(A) =0(0) x A.
dA y(rfleng) 2=0 yo(d) = o(0)x

Thus, the horizontal lift is given by commutation with a specified bivec-
tor. Since this holds for arbitrary multivectors A, by lemma 25 we have
the universally applicable formula for the covariant derivative of a mul-
tivector

VA = 9,A+w, x A

where w,, is the required bivector.
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Chapter 9.

Curvature and Integrability

Given a connection on a fibre bundle, values in the bulk may be parallel
transported along a curve in the base manifold. If the curve is a closed
loop, then values are not necessarily mapped back onto themselves. The
action of parallel transport around a loop is known as its HOLONOMY,
and its deviation from the identity operator measures the connection’s
curvature.

A connection is integrable if a bulk value may be parallel transported
to all other points in a self-consistent (i.e., path-independent) manner.
Curvature is then an obstruction to integrability. Therefore, the curva-
ture of a connection may be derived by finding the integrability condi-
tion of the parallel transport equations, which is most easily done via
Frobenius’ theorem [17, §6].

I. Tangent subbundles, integral manifolds and involutivity

A vector field may be integrated by finding integral curves which are
everywhere tangent to the vector field. This notion can be generalised to
higher-dimensional analogues of vector fields — objects which associate
to each point a vector subspace, instead of merely a vector.

Definition 40. A k-dimensional TANGENT SUBBUNDLE D C T ./ is a vector
bundle R* & @ — M where each fibre 9|, = RF is a k-dimensional
subspace of T, M.
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Proofs of Frobenius’
theorem: [25, §19], [20, §2]

Chapter 9. Curvature and Integrability

Definition 41. A submanifold % C M is called an INTEGRAL MANIFOLD of
a tangent subbundle @ if T, % C D|, forall x € 7. The subbundle D is
called INTEGRABLE if there exist integral manifolds through each point.

In the trivial case, an integral curve of a vector field u is a 1-dimensional
integral manifold of the 1-dimensional tangent subbundle described by
u. For an example in higher dimensions, any embedded submanifold is a
maximal integral manifold of its own tangent space viewed as a tangent
subbundle of the ambient space.

An integral manifold is MaxiMAL if T, ¥ = D|,, meaning the mani-
fold dimension of .7 is the dimension of 9. Indeed, any tangent subbun-
dle admits 1-dimensional integral curves, but is not maximally integrable
in general. The existence of maximal integral surfaces requires a special
property known as involutivity.

Definition 42. A tangent subbundle & is INVOLUTIVE if [2,D] C D.
That is, if for any two sections u,v € I'(D) in the subbundle, their Lie
bracket [u,v] € T(D) also lies in the subbundle.

Il. Frobenius’ theorem: for tangent subbundles and forms

The importance of involutivity as the integrability condition for a tan-
gent subbundle is the content of Frobenius’ theorem:

Theorem 5 (Frobenius’). If < is a tangent subbundle, then

D isintegrable << D is involutive.

Frobenius’ theorem can be dualised into a statement involving exte-
rior forms instead of vector subbundles, which can be more useful for
calculation. This stems from the observation that a vector subspace
U C V may be represented by the subspace Q of dual vectors with U
contained in their kernels,

Q={weV"|wu)=0,vueU}CV"

The original subspace U is recovered as U = [ ) ¢ ker w.
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Definition 43. The dual representation I of a tangent subbundle 9 is the
17% generated by the 1-form annihilators of D,

I={o e ()| o) =0vuer(@)}.

idea

The following lemma shows how the condition that .# is an integral
manifold translates between tangent subbundles and ideals.

Lemma 29. Let 9 be a tangent subbundle and I is its associated ideal.
Suppose F is a submanifold with the inclusion map1 : ¥ — M. Then,

2|,=T,F << J isanintegral manifold < *I1=0.

Proof. The first equivalence is by definition, included for readability. For
the second equivalence, assume .¥ is an integral manifold. Then, if u €
T .7 then the inclusion di(u) € D lies in the tangent subbundle. Suppose
w € I so that w(v) = 0 for all v € 9. The restriction of w to ¥ via the
pullback 1*w is identically zero, because

(Fw)(u) = w(d(u)) = 0.

Since u and w € I are arbitrary, we write (I = 0. ]

We can also translate the involutivity condition from tangent subbun-
dles to ideals.

Theorem 6. If & C T/ is a tangent subbundle and I C Ql(./%) is its
associated ideal, then

9,9|CD < Disinvolutive < dICI.

Proof. The first equivalence is by definition, included for readability. For
the second, note that the ideal I is generated by 1-forms w which vanish
on P. That is, w(u) = 0 for all u € (D), so if u,v € (D) then

do(u, v) = u(w(v)) — v(o@)) - o([u, v])

= _w([u’ V]),
since w(u) = w(v) = 0. If D is involutive then [u,v] € T(D) and
dw(u,v) = 0. Thus, dw € I if and only if 9 is involutive. O]
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Chapter 9. Curvature and Integrability

Hence, by theorems 5 and 6, a tangent subbundle admits maximal in-
tegral surfaces if and only if its associated ideal I is closed under exterior
differentiation, dI C I.

Stokes’ theorem 8 states that a differential form ¢ is integrable if it
is exact (i.e., if ¢ = d¢). On a contractible domain, this is equivalent
to ¢ being closed, by Poincaré’s lemma. In the same vein, theorem 6
states that an exterior differential system is integrable over a contractible
domain if and only if its associated ideal is closed.

Fig. 9.1.: “Ascending and
Descending”by M. . 9.0.1. Curvature as an obstruction to integrability

Escher, 1960 — perhaps the

most famous illustration of

an inexact 2-form (the W€ may employ Frobenius’ theorem to find the integrability condition

slope of the stairs) and its  for the connection on a vector bundle V.— 7" - /. A linear Ehres-

inconsistent ‘integral’ (the mann connection H is integrable if there exist maximal integral man-

impossible staircase). ifo]ds f € I'(%) which are everywhere horizontal, T, f = Hp. This
means that Vf = 0 everywhere, that parallel transport is path-independent,

and that loop holonomy is always trivial.
Elaborating the condition Vf = 0, we have
VX =u(X)+TW)X =0 or 9,X%=-I,%X" (9.1)

everywhere for all u € T . These equations describe the tangent sub-
bundle H. To express this, introduce coordinates {x*} of .# and linear
coordinates {x%} of V with respect to some basis. A point X € 7 is a
base point 7(X) = (X¥) € A together with a fibre value (X%) € V,
having total coordinates X = (X*, X%). Similarly, a vector in Ty 7" has
components §X = (6 XH,5X?).

Such a vector §X € Ty 7 satisfies eq. (9.1) if 6X¢/56XH = —F/labXb,
and hence the Ehresmann connection may be expressed as

Hy = span{(6X*,~I,,%,X"6X") | (6X") € Tx L} (9.2)

for each X € 7”. Geometrically, this describes the change in vector com-
ponents § X? induced by a nudge in the base point § X* if X is constrained
to move along H.
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To employ Frobenius’ theorem, we will find a dual representation of
eq. (9.2) in terms of forms. Any X € H is of the form

X = 6XH(9, — I, X3,).
If I is the ideal associated to H, then any 1-form o € I satisfies
o(X) = 5XH(w, — T, XPw,) = 0

where wy = w(d,), implying w, = FuabXba)a at X. Written in the
coordinate dual basis {dX”, dx a} cT'7,

® = wy(dX® + I, XPdXH) (9.3)

where w, are free scalar parameters. (We use °_’ to label differential
forms for clarity.) Since eq. (9.3) is a general 1-form of the ideal I, we
can see that I is generated by the 1-forms

Q% = dX* + X", (9.4)
where we define the connection 1-forms I := I',%, dX*.

The dual formulation of Frobenius’ theorem (theorem 6) states that
the tangent subbundle H is involutive if and only if the ideal I is closed.
This means that dQ“ € dI for every generator, which is equivalent to the
condition dQ% = g, A Q¢ for arbitrary ‘component 1-forms’ ¢,. By direct
calculation,

an — dZXa + drabxb _ [*ab A dxb
= (A% + I A T%)XP — % 1 Q°

where we substitute eq. (9.4) on the second line. Therefore, dQ% € I if
and only if the residual term, called the CONNECTION 2-FORM

R :=dl% + [ A L, (9.5)
vanishes. These R%, measure the obstruction to integrability of the co-

variant derivative, and are identified as the primary object describing
the connection’s curvature.
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Chapter 9. Curvature and Integrability

0.1. Stokes’ Theorem for Curvature 2-forms

Another way of showing that parallel transport is path-independent if
and only if the curvature (9.5) vanishes is by relating the holonomy of a
loop to the curvature across a surface bounded by the loop.

9.1.1. Path-ordered exponentiation

An initial value problem of the form

Q)
dt

with U(0) given has the solution

= AOU®) (9.6)

Ut) = el 4740 17(0)

provided that A(t) commutes with itself at all other times, [ A(t), A(s)] =
0. If A(z) is not necessarily commutative, then the solution may still be
written formally in the following way.

By a first-order Taylor expansion, the value after an infinitesimal time-
step dt step is

U(dt) = U(0) + a,U(0)dr = (1 + A(0)dt)U(0) = eA@dt (o).
The value at a finite time ¢ is then recovered by composing steps as above,
forming the PATH-ORDERED EXPONENTIAL

f t<0

UU(0) = P, exp J dr A7) = dltiino H At
0 i

0 . :
where the product Ht:_ is over values t > t; > 0 in steps of dt where
each exponential factor appears right-to-left in order of increasing t.

From the observation that 9,(U(t)U~(t)) = 0 we obtain the ‘inverse’
of the original differential equation,

qUM ™ = -U®)A®), (9.7)
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9.1. Stokes’ Theorem for Curvature 2-forms

which is identical to (9.6) only transposed and substituting U(t)T +~
U(t)~! and A(t)T — —A(t). Hence, (9.7) has solution

t
U@ =U0)'P, exp | dr(—A(D))

0
0

= U(O)_lfPT exp | drA(7).

t

Hence, the left-to-right ordered exponential P exp is the same as a right-

to-left P exp if the endpoints 0 <> ¢ are swapped and the integrand dr —
—dr flips sign.

I. The transport operator as a path-ordered exponential

The transport operator satisfies the differential equation (8.3), which for
a linear connection is of the form (9.6). Therefore, using the initial data
trans ooy = id, eq. (8.3) may be solved explicitly by

0
trans = P ex J(—f)szex stf- )
rdvurs PY ps y(s)

9.1.2. Surface-ordered exponentiation

Theorem 7 (Stokes theorem for curvature 2-forms). Lety : [0,1] —»
be a contractable loop with start and end point p. Let h) be a contraction
homotopy with A € [0, 1] so that hy(x) = p andhi(x) = x. Defineé(A,s) =
h)(y(s)) as the surface swept out by y under the contraction.

Let I" be a connection 1-form and letU(A, s) := transg(y s) be the group
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y=y(1<0)

R

’ W y(s)

Fig. 9.2.: The curve y and
the surface of homotopy &.
The bold curve represents
the portion of & o y from
parameter value 0 to s.

Chapter 9. Curvature and Integrability

element resulting from parallel transport along the path £(A,s < 0). Then,

trans = IES exp J(—f)
Y
Y

1 1
=P, exp J d/lJ ds U™ R(Z,0;6) U,
0 0

where R = dI" + I' A I is the curvature 2-form. Note that U = U(A, s) and
E=Es).

Proof. Define the abbreviations
I = I(9;¢) and Iy = I'(9:),

noting that A and s are not indices. In full component form, these would
be written, e.g.,

9EH(A, s)
T % lecs) = T |§(A,S)T-

From corollary 3, we have

oU(A
(4,5) _ 4 trans = —I'(96)
ds =0 ds &Qs=0)| _,
where & = £(A, s), which implies
oU =-I,U and oU 1 =UTIT,

where U = U(4, s). From these two relations it follows easily that

o(UoU) = U N (I03U + 9,9,U) = —U~ N (9;T)U
and o,(U'MU) =U NI,y + o,y — TZI)U.

The sum of the two equations above is
(U Yoy + IDU) =U Yo,y + I,T) — (s < L) U.

Note that 9,I) = 9,(I',(9;£)) = (95I,)9,&" + I, 9,0;&" and similarly for
0,15, so that mixed partial derivatives cancel, leaving

osl) —o)Is = ((%f)(@lf) - (a)tf)(asf)-
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9.1. Stokes’ Theorem for Curvature 2-forms

Putting this together, we have

os(U1(a) + TU) = U N0 [)(0)8) + L9 (9,8) — (s & M) U
=U N AL + T AD)(0s,0,6) U
=U"'R(9:£,0;6) U. (9.8)

Recall that U and U™ ! are the group elements which parallel transport
vectors along £(A,s < 0) and back again, respectively. Also, note that R
is a gl(7")-valued 2-form, which acts to infinitesimally transform vectors
in 7. With these in mind, it is clear that eq. (9.8) is an infinitesimal linear
map from the fibre Wp to itself.”! Thus, it is well-defined to integrate
eq. (9.8) with respect to s, to obtain a finite linear transformation on 7/,

Integrating the left-hand side of eq. (9.8) yields
1
J dsU YA, 19y + TUL 1) =U YA, 1)o,U(A, 1) (9.9)
0

since I'y = I'(9;&(A, s)) vanishes at s € {0, 1} because £(4,0) = E(A, 1) = p
is constant. Thus, integrating both sides yields

1
U YA, 1)0,U(A, 1) = J dsU'R(a,¢,0,6) U.
0

This is an initial value problem of the form 0,U(A,1) = U(A,1)A(A),
whose solution at A = 1 may be given as the path-ordered exponential

1
U(1,1) = U(1,0)P exp J d1 A(Y)
0

where A(4) is the right-hand side of eq. (9.9). Since U(1, 1) = trans, and
U(1,0) = id, this shows the right-hand side of the theorem. Il

Corollary 4. Parallel transport is path-independent if and only if curvature
vanishes everywhere.
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Quantum electrodynamics
(QED) describes electrons
as quanta in a fermion
bundle, and photons as
quanta of the Abelian
connection A, € C.
Quantum chromodynamics
(QCD) describes quarks
with a fermion bundle, and
gluons with a non-Abelian
connection A, € 3u(3).

Chapter 9. Curvature and Integrability

Proof. If the curvature vanishes everywhere, then by theorem 7 the holon-
omy around any loop is trivial, implying the transport operator between
two fixed points is path-independent.

Conversely, if parallel transport is path-independent, then the trans-
port operator around any loop y is the identity. By theorem 7, this im-
plies that the total curvature on a surface bounded by y is zero. But
since the surface and loop are arbitrary, the curvature must vanish ev-
erywhere. ]

Theorem 7 doesn’t only apply to parallel transport on a tangent bun-
dle; the connection I" may be on any abstract vector bundle. For ex-
ample, in gauge theories, matter fields (or fermions, after quantisation)
are (more or less) represented as sections of a complex vector bundle
equipped with a connection A. The degrees of freedom in the connec-
tion coefficients A}, also enter into the equations of motion, and repre-
sent force carriers (or bosons). In this context, the trace of the holonomy
of the connection A is known as a Wilson loop. In physicists’ notation,
theorem 7 then gives a non-Abelian Stokes’ theorem

Wly] =tr (]PeM Jo dt A;Ax(t))%)

=tr (IPeiA fol dt fol ds w(x) F, (x(s,t)) w’l(x)—axu(s’t) —axv(s’t))

s ot

relating the Wilson loop W[y] to the gauge field strength F,, over the
enclosed surface [45].
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Chapter 10.

Conclusions

The focal result of part I was the discovery of a relatively simple BCHD
formula for Lorentz transformations (indeed, for proper orthogonal trans-
formations in any space of dimension at most four) [12]. The key to this
was the rotor formalism, where transformations A(u) = RuR' are rep-
resented by rotors in the double covering spin group. This allows for a
more elegant ‘arithmetic of rotations’ via the geometric algebra. In the
case of (1 + 3)-dimensional spacetime, the algebra’s linear representa-
tion by complex 2 x 2 matrices makes the formula easy to use implement
numerically.

The BCHD formula is also useful algebraically; in section 5.2.1 it was
used to directly derive the Wigner angle of the rotation resulting from
the composition of Lorentz boosts. This is facilitated by the space-time
split, whereby Lorentz boosts are generated by spacelike vectors and
rotations by spacelike bivectors — objects with clear geometric meaning
which are easy to work with.

Expanding the scope to include curved spaces in part II, the geometric
algebra is used to rewrite the Lie and covariant derivatives in invariant,
basis-free ways. Like Cartan’s formula (7.5) for differential forms, the
Lie derivative admits a formula £,A = [u, A] = 9,A + (A | @) A u for
multivectors of any grade. Similarly, the covariant derivative of a multi-
vector has the invariant form VA = dA + o x A when expressed in terms
of the connection bivector 1-form.

Finally, the curvature 2-form is exposited in two interesting ways: as
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Chapter 10. Conclusions

an obstruction to integrability, and as the surface-ordered integrand ap-
pearing in theorem 7. Sections on a manifold can be integrated over
manifolds by parallel transporting values to a common fibre — but in the
presence of curvature, this is only possible along 1-dimensional curves.
The path-dependence of parallel transport induced by curvature means
a ‘surface ordering’ is needed to integrate sections over surfaces. A spe-
cial case of this the Stokes-like theorem for curvature 2-forms, adapted
from [46], which relates the curvature over a surface to the holonomy
around its boundary.

116



Appendix A.

Integral Theorems

A.1. Stokes’ theorem for exterior calculus

Theorem 8 (Stokes’ theorem in R"). IfR C R" is a compact k-dimensional
hypersurface with boundarydR, then a smooth differential form w € Qk_l(R)

satisfies
I! do = J w. (A.1)

Proof. Since R is a k-dimensional region with boundary, every point x €
R has a neighbourhood diffeomorphic to a neighbourhood of the origin
in either R¥ or H¥ = [0,00) & RF-1, depending on whether x is an
interior point or a boundary point, respectively.

Let {U;} be a cover of R consisting of such neighbourhoods. Since R

is compact, we may assume Ugl{Ui} = R to be a finite covering. Thus, gk | R
we have finitely many maps h; : U; = X where X is either R* or the ——
half-space H*, where U; = h;(U;) are diffeomorphic (see fig. A.1).

Fig. A.1.: Neighbourhoods
Finally, let {¢ : R — [0, 1]} be a partition of unity subordinate to {U;}, in R are diffeomorphic

sothat{x € R|¢(x) >0} CU;andw = Zfil ¢;0. We need only prove the Eithez to ir;telrfic;)r Ealls or
equality (A.1) for each w; := ¢, and the full result follows be linearity. oundaty hatibats

The form hjw; € Qk_l(X) can be written with respect to canonical
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Appendix A. Integral Theorems

coordinates of X as

k
Brop= Y, -1y~ dxl ok
2.

J

using the multi-index notation dx"t"% = dx" A - A dx%, where the hat
denotes an omitted term. The factor of (—1Y~! gives the (k — 1)-form
the boundary orientation induced by the volume form dx'* for conve-
nience. Since pullbacks commute with d,

Wdon = (i) = 3 Ly
w: = S ) = —dx .
i i Wi = 9%

There are then two cases to consider.

« Interior case. If h; : U; —» RX, then the right-hand side of eq. (A.1)
vanishes because w; is zero outside the neighbourhood U; C R
which nowhere meets the boundary oR.

[a=a=fas

R v, %)

The left-hand side evaluates to

k of
del. = Jd(h?wi = J Z %dxl...n

R X Rk !
—+0o0 400
k f
:J ..JZ—’J,dxl dx*
A= ax:
——
k
too Ao k +0o0 o
= J J Zfl (—l)f_ldx1~--dxj~-dxk =0,
———
k-1

which vanishes because h;w;, and hence the fJ vanish outside the
neighbourhood h;(U;) c R-.
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A.1. Stokes’ theorem for exterior calculus

 Boundary case. If h; : U; — H¥, then the boundary oU; C 9R is
mapped onto the hyperplane dH* = {(O, x%, .., xF) | x € IR}. Thus,
dx! = 0 on this boundary, and the right-hand side of eq. (A.1)

becomes
J w; = J hiw; = — J fidx?® - dxk

dR aU; Rk-1
+00 +00

=— J J fl(O,xz,...,xk)dxz---dxk.

—00 —00
—_—
k-1

The factor of —1 comes from the induced orientation of the bound-
ary 9H¥, which is outward-facing, so in the negative x* direction.
For the left-hand side of eq. (A.1),

00 400 +o00 k

o
do: = | h*dw: = —Ldxl ... dxk
J “ J P JJ J;axf ¥ *

R Hk 0 —o0 —00 J

of; , . : .
All terms afjjdxf in the sum for j > 1 integrate to boundary terms
xj — +oo where f; vanishes. This leaves the single term from the
integration of dx!,

—+00 —+00 oo
= —I J il dx%k - kdx
E S x1=0

Thus, we have equality for all w;, so

[-§ o3[

R =1z oR oR

by linearity. ]
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A.2. Fundamental theorem of geometric
calculus

Theorem 9. Let f(x) be a multivector field. The vector derivative is

1
] = lim —— ¢ dSf,
/&) @fﬁol%mﬂg /
OR

where X is a volume containing x with boundary 0R and volume |%| =
| g V. The limit is taken as the volume R shrinks to the point x.

Note that the integrand dSf is the geometric product between the
hypersurface element and the field.

Proof. 1t will suffice to prove the case where & is a box shape; arbitrary
regions can be approximated via tessellation in the limit of vanishing
voxel size.

Let B, = {xiel- | x' e [—e, +¢]} denote the n-dimensional cube of diam-
eter 2¢ centred at the origin. If the surface 9B, is oriented outward,
then the face in the +e* direction is orientated like the (n — 1)-blade
Ie* = (=1)"Ke; A+ A& A~ ne,. Upon this face the infinitesimal surface
element is

d®x = Tekdx! - dxk .. dx™,
while the opposing face has surface element —d®)y,

Consider the integral of f over the surface 9dB,, split into a sum of
n surface integrals over each pair of opposing faces. The kth pair are
the surfaces {xiel- + ceyp. | x' € [—e, +e],i = k} where i sums over axes other
than k. Hence, we have

é dSf = z’l: J d®x (f(x'e; + ce) — f(x'e; —eer)), (i k).
9B, k=1 [—&,+e]m !

By series expanding f in each x, and then in ¢, obtain

f(x'e; + cep) = f(xeer) + x'0,:(f(0) + €9, f(0)).
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A.2. Fundamental theorem of geometric calculus

Since |x| < ¢, the last term is O(£?), and difference in the integrand is
hence

f(x'e; + cer) — f(x'e; — ee) = fleer) — f(—eex) + O(e%)
= 20, f(0) + O(e?).

Therefore, after pulling constants outside the integrals, we have
n
§ dSf = Z 2¢ 9,k f(0) J d®x
0B k=1 [_8,+€]n—1

to order O(e?). The integrands each evaluate to the area (2¢)""!, giving

§ asf = @otetau f0) = BT af0)

B,

to order O(¢%), which becomes exact in the limit,

. 1
2f(0) = lim BT 95 dsf. (A.2)
B,

By translation, f(x) — f’(x) = f(x — u), we obtain the integral form
of df(u) evaluated at an arbitrary position u. ]

Theorem 10. For an n-dimensional region & with boundary 0%, and a
multivector field f(x),

Jdvaf:ai dsf,

R

where dV denotes an n-blade volume element, and dS an (n — 1)-blade
surface element, and where juxtoposition is the geometric product.

Proof. An arbitray volume &% with boundary % can be approximated
as tessellated boxes of arbitrily small size.”? Suppose Z is approximated 72 It is not neccesary that

by a regular lattice of N boxes of radius e. Consider the sum of @ f over the surface area of the
approximation converge to

0.
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Appendix A. Integral Theorems

the lattice points, weighted by volume. From eq. (A.2) this can be written
in terms a sum of surface integrals,

N

N
S BllafG) =Y 513 asf.
=138,

i=1
Note that interior faces of the boxes come in oppositely-oriented pairs,

so that surface integrals over interior faces cancel. Therefore, the result
is obtained in the continuous limit N — oo. [l
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