
Drills and exercises in CGA

Showing that the translation rotor translates points

𝑛 ≔ 𝑒 + 𝑒
𝑛 ≔ 𝑒 − 𝑒

𝐹(𝑥) ≔ 1
2(𝑥2𝑛 + 2𝑥 − 𝑛)

Let 𝐸 = 𝑛 ∧ 𝑛 = (𝑒 + 𝑒) ∧ (𝑒 − 𝑒) = 2𝑒𝑒. Note

𝐸𝑛 = 2𝑒𝑒(𝑒 + 𝑒) = 2𝑒𝑒2 − 2𝑒𝑒2 = 2(𝑒 + 𝑒) = 2𝑛 (1)
𝐸𝑛 = 2𝑒𝑒(𝑒 − 𝑒) = 2𝑒𝑒2 + 2𝑒𝑒2 = 2(𝑒 − 𝑒) = −2𝑛 (2)

Show that 𝑅 = exp(−1
2𝑛𝑢) is a translation rotor.

𝑅𝐹(𝑥)𝑅̃ = (1 + 1
2𝑛𝑢)1

2(𝑥2𝑛 + 2𝑥 − 𝑛)(1 + 1
2𝑢𝑛)

= 1
2(𝑥2𝑛 + 2𝑥 − 𝑛 + 1

2𝑥2𝑛𝑢𝑛 + 𝑛𝑢𝑥 − 1
2𝑛𝑢𝑛)(1 + 1

2𝑢𝑛)

= 1
2([𝑥2 + 𝑢𝑥]𝑛 + 2𝑥 − 1

2𝑛𝑢𝑛 − 𝑛)(1 + 1
2𝑢𝑛)

= 1
2([𝑥2 + 𝑢𝑥]𝑛 + 2𝑥 + 1

2𝑢𝑛𝑛 − 𝑛

[𝑥2 + 𝑢𝑥]1
2𝑛𝑢𝑛 + 𝑥𝑢𝑛 − 1

4𝑛𝑢𝑛𝑢𝑛 − 1
2𝑛𝑢𝑛)

= 1
2([𝑥2 + 𝑢𝑥 + 𝑥𝑢]𝑛 + 2𝑥 + 1

2𝑢(𝑛𝑛 + 𝑛𝑛) + 1
4𝑢2𝑛𝑛𝑛 − 𝑛)

= 1
2([𝑥2 + 𝑢𝑥 + 𝑥𝑢]𝑛 + 2𝑥 + 𝑢(𝑛 ⋅ 𝑛) + 1

4𝑢2(𝑛 ⋅ 𝑛 + 𝐸)𝑛 − 𝑛)

= 1
2([𝑥2 + 𝑢𝑥 + 𝑥𝑢]𝑛 + 2𝑥 + 2𝑢 + 1

4𝑢2(2 + 2)𝑛 − 𝑛)

= 1
2([𝑥2 + 𝑢𝑥 + 𝑥𝑢]𝑛 + 2(𝑥 + 𝑢) + 𝑢2𝑛 − 𝑛)

= 1
2([𝑥2 + 𝑢𝑥 + 𝑥𝑢 + 𝑢2]𝑛 + 2(𝑥 + 𝑢) − 𝑛)

= 1
2([𝑥 + 𝑢]2𝑛 + 2[𝑥 + 𝑢] − 𝑛)

= 𝐹(𝑥 + 𝑢)

The effect of 𝚃𝑝 on Euclidean vectors

Let 𝚃𝑝 ≔ exp(1
2∞𝑝) be the translation rotor and let 𝑅[𝑋] = 𝑅𝑋𝑅̃ denote rotor

application.

Let 𝑝, 𝑢 ∈ ℝ𝑛.

𝘛𝑝[𝑢] = (1 + 1
2∞𝑝)𝑢(1 + 1

2𝑝∞)

= 𝑢 + 1
2∞𝑝𝑢 + 1

2𝑢𝑝∞ + 1
2∞𝑝𝑢𝑝∞

= 𝑢 + 1
2(𝑝𝑢 + 𝑢𝑝)∞ − 1

2∞2𝑝𝑢𝑝

= 𝑢 + (𝑢 ⋅ 𝑝)∞
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