Outer and Inner Product Null Spaces for CGA Blades

See also summary of these results.

Using the classification of blades in conformal geometric algebra,

Eoo direction

T,E] dual flat
X =

Tplo AE A oo flat

To[(o £ %7‘200) AE] round

we can easily characterise the inner and outer product null spaces

ipns(X) ={ze€Q |z ] X =0}
opns(X)={z€Q |z AX =0}

of an arbitrary blade X where @ := {u € R"*? | u? =0} = {up(z) | z € R"} U {o0}.

OPNS

e Directions, Foo:
Assuming up(z) A (Eoo) = 0 implies
(0+z+3iz?0) AEA0=(0+z)AE =0
which is impossible because o A E is always nonzero. Additionally, co A Eoco = 0.

Therefore opns(Eoo) = {o0}.

e Dual flats, T,[E]:
Assuming up(z) A T,[E] = 0 implies
Tolup(z —p)AE]|=0¢= (0 +z—p+ 3(z —p)’c0) AE =0
which is impossible because it includes the linearly independent term o A E # 0.
Additionally, co A T,[E] = T,[c0E] # 0.
Therefore opns(T,[E]) = @.

e Flats, T,[o AE A 0]
Assuming up(z) A T,[o A E A oo] = 0 implies
Tplup(z —p) Ao AE A =04 (z—p)AocAEAN0=0
which vanishes if and only if £ = p + u for some vector u € span(F) < u AE = 0.
Additionally, co A Tp[o A E A o] = 0.
Therefore opns(Ty[o AE A]) = {up(p+r) | 7 AE =0} U {c0}.

e Rounds, T,[(0 £ 37%0) AE]:
Assuming up(z) A T,[ (0 £ 1r2c0) A E] = 0 implies
Tp[up(z — p) A (0 £ 3r%0) AE] =0 &
(0+(z—p)+3(z—p)’0) A(0 £ 37%0) A E

=(3(z—p)?*F3r?)0 Ao AE + (z—p) A0 £ ir?c0) AE =0

which, since these two terms are linearly independent, means both must vanish
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lz—p|?=%r* and (z—p)AE =0

which, in the + case, describes a k-sphere within the flat z = p + u for u € span(®)
centred at p with radius 7 > 0 (so u? = r?). Additionally, oo A T,[(0 £ 37%c0) AE] # 0.

Therefore opns(T,[(0 + 27%00) AE]) = {up(p + u) | u AE =0,u? = £r?}.

IPNS

e Directions, Foo:

Assuming up(z) | (Foo) = 0 implies
<0+z+%oo>J(Eoo)=(avJE)oo+E*(oJ ) =(z]|E)Aco—E*=0

which is impossible because the two terms are linearly independent. Additionally,
00 | Eoo = 0.

Therefore ipns(Eoo) = {o0}.

e Dual flats, T,[E]:
Assuming up(z) | T,[E] = 0 implies
Tplup(z —p) | E]=0¢= (0 +z—p+3(c—p)’0) | E=(z—p) | E=0

which implies £ = p + u for some vector u € span(E)* <= u | E = 0. Additionally,
o0 | Tp[E] =T,[co | E] = 0.

Therefore ipns(T,[E]) = {up(p +u) | v | E = 0} U {oo}.

e Flats, T,[o AE A 0]
Assuming up(z) | T,[0 A E A oo] = 0 implies
Tplup(z —p) [(0 AE A0)] =0 =
(0 + (z —p) + 3(z —p)?c0) | (0 A B A 00)

=—1(z—-p)Eo—0oA((z—p)]E)Aco—0E*A(0]o0)=0
which is impossible because the terms are linearly independent and o E* # 0.
Additionally, co | T,[0 AE A oo] = =T,[E 0] # 0.
Therefore ipns(T,[o0 A E A co]) = @.

e Rounds, T,[(0 £ 3r%c0) AE]:
Assuming up(z) ] T,[(o + 2r%00) A E] = 0 implies
Tp[up(z —p) | ((0 £ 3r%0) AE)] =0 =
((0 +z—p+ %(:c —p)zoo) | (0 + %7’200)) ANE — (o % %7‘200) A(up(z—p) | E)
=—(3(z—p)?£ir)AE — (0 £ 3r%0)A((z—p)] E)=0
which, since these two terms are linearly independent, means both must vanish
lz—p|*=Fr* and (z-p)|E=0
which, in the — case, describes a k-sphere within the flat £ = p + u for u € span(E)*

centred at p with radius 7 > 0 (so u? = —r?). Additionally, co | T,[(0 % 37%c0) A E] —
T,[E] # 0.

Therefore ipns(T,[(0 + 37%00) AE]) = {up(p + u) | v ] E = 0,u? = Fr?}.
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