
Reflections generated by blades in CGA
The idea is: understand rotors by classifying all reflections.

We have a nice classification of all blades given by

𝑋 =

{{
{{{
{
{
{{{
{{
{𝑬𝑛∞

𝚃𝒑 [𝑬]
𝚃𝒑 [𝑛0 ∧ 𝑬 ∧ 𝑛∞]
𝚃𝒑[(𝑛0 ± 𝜌2

2 𝑛∞) ∧ 𝑬]

(1)

but what about a nice classification of all versors?

Any invertible blade 𝐴 defines two transformations: a reflection of the vector space within
𝐴 or across 𝐴. In a homogeneous setting, these are the same, since they differ only by an
overall sign.

Not all orthogonal transformations are generated by reflections by blades. However, blades
have geometrical interpretations via IPNS/OPNS, so they are a useful class of
transformations to study.

Reflections as operators with nice properties

See to the note on projections and reflections. Let’s define the operator

refl(𝐴, 𝑥) ≔ 𝐴⋆𝑥𝐴−1 = 𝑢⟂𝐴 − 𝑢∥𝐴

which reflects the multivector 𝑥 within 𝐴. I.e., all the dimensions lying in the blade 𝐴 are
negated.

We have a simple composition rule:

refl(𝐴, refl(𝐵, 𝑥)) = 𝐴⋆𝐵⋆𝑥𝐵−1𝐴−1 = (𝐴𝐵)⋆𝑥(𝐴𝐵)−1 = refl(𝐴𝐵, 𝑥)

In fact, refl(𝐴, −) is an automorphism. In particular, refl(𝐴, 𝑥−1) = refl(𝐴, 𝑥)−1. If 𝑓 is
some automorphism, then 𝑓(refl(𝐴, 𝐵)) = refl(𝑓(𝐴), 𝑓(𝐵)).

Reflections and the embedding map

We have some nice properties: up ∘ refl = relf ∘ up

refl(𝑬, up(𝒙)) = refl(𝑬, 𝑛0) + refl(𝑬, 𝑥) + refl(𝑬, 1
2𝑥2𝑛∞)

= 𝑛0 + refl(𝑬, 𝒙) + 1
2𝒙2𝑛∞

= up(refl(𝑬, 𝒙))

refl(𝑛0 ∧ 𝑛∞, up(𝒙)) = refl(𝑛0 ∧ 𝑛∞, 𝑛0) + 𝒙 + 1
2𝑥2 refl(𝑛0 ∧ 𝑛∞, 𝑛∞)

= −𝑛0 + 𝒙 − 1
2𝑥2𝑛∞

= −up(−𝒙)

Reflections of blades

Everything in eq. 1 except directions 𝑬 ∧ 𝑛∞ and zero-radius rounds 𝚃𝒑 [𝑛0 ∧ 𝑬] are
invertible so generate reflections.

Reflection in a dual flat

refl(𝚃𝒑 [𝑬], up(𝒙)) = 𝚃𝒑 [refl(𝑬, up(𝒙 − 𝒑))]

= 𝚃𝒑 [up(refl(𝑬, 𝒙 − 𝒑))]

= up(refl(𝑬, 𝒙 − 𝒑) + 𝒑)

Reflection in a flat

refl(𝚃𝒑 [𝑛0 ∧ 𝑬 ∧ 𝑛∞], up(𝒙)) = 𝚃𝒑 [refl(𝑛0 ∧ 𝑛∞ ∧ 𝑬 ⋆, up(𝒙 − 𝒑))]

= 𝚃𝒑 [refl(𝑛0 ∧ 𝑛∞, refl(𝑬 ⋆, up(𝒙 − 𝒑)))]

= 𝚃𝒑 [refl(𝑛0 ∧ 𝑛∞, up(refl(𝑬, 𝒙 − 𝒑)))]

= 𝚃𝒑 [−up(−refl(𝑬, 𝒙 − 𝒑))])

= −up(𝒑 − refl(𝑬, 𝒙 − 𝒑))))

Reflection in a round

We use the identities

refl(𝑛0 ± 1
2𝜌2𝑛∞, 𝑛0) = ∓1

2𝜌2𝑛∞

refl(𝑛0 ± 1
2𝜌2𝑛∞, 𝑛∞) = ∓ 2

𝜌2 𝑛0

we find

refl(𝚃𝒑[(𝑛0 ± 1
2𝜌2𝑛∞) ∧ 𝑬], up(𝒙)) = 𝚃𝒑[refl(𝑛0 ± 1

2𝜌2𝑛∞, refl(𝑬, up(𝒙 − 𝒑)))]

= 𝚃𝒑[refl(𝑛0 ± 1
2𝜌2𝑛∞, up(refl(𝑬, 𝒙 − 𝒑)))]

= 𝚃𝒑[∓1
2𝜌2𝑛∞ + refl(𝑬, 𝒙 − 𝒑) ∓ 1

2(𝒙 − 𝒑)2 2
𝜌2 𝑛0]

= ∓(𝒙 − 𝒑
𝜌 )

2
𝚃𝒑[

[
𝑛0 ∓ 𝜌2

refl(𝑬, 𝒙 − 𝒑) + 1
2( 𝜌2

𝒙 − 𝒑 )
2

𝑛∞]
]

= ∓(𝒙 − 𝒑
𝜌 )

2
𝚃𝒑[up(∓ 𝜌2

refl(𝑬, 𝒙 − 𝒑))]

= ∓(𝒙 − 𝒑
𝜌 )

2
up(𝒑 ∓ 𝜌2

refl(𝑬, 𝒙 − 𝒑))

Fixed points of reflections

Suppose 𝒙 ∈ 𝖮𝖯𝖭𝖲(𝑋) so up(𝒙) ∧ 𝑋 = 0.

refl(𝑋, up(𝒙)) = 𝐴⋆ up(𝒙)𝐴−1 = (𝐴⋆ ⌊ up(𝒙))𝐴−1 = (up(𝒙) ⌋ 𝐴)𝐴−1 = up(𝒙)

So 𝖮𝖯𝖭𝖲(𝑋) are fixed points of 𝒙 ↦ refl(𝑋, up(𝒙)).

Similarly, suppose 𝒙 ∈ 𝖨𝖯𝖭𝖲(𝑋) so up(𝒙) ⌋ 𝑋 = 0.

refl(𝑋, up(𝒙)) = 𝐴⋆ up(𝒙)𝐴−1 = (𝐴⋆ ∧ up(𝒙))𝐴−1 = (up(𝒙) ∧ 𝐴)𝐴−1 = up(𝒙)

So 𝖨𝖯𝖭𝖲(𝑋) are fixed points of 𝒙 ↦ refl(𝑋, up(𝒙)).
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