
Classification of 1-vectors in CGA
See also the classification of general blades.

Consider a nonzero vector 𝑋  in a conformal geometric algebra 𝐶𝑙(𝑛 + 1, 1) ≅ ℝ𝑛+2,
assuming a basis {𝑛0, 𝑒1, …, 𝑒𝑛, 𝑛∞} where 𝑛20 = 𝑛2∞ = 0 and 𝑛0 ⋅ 𝑛∞ = −1.

Result. Any vector is of the form

𝑋 ∝
{{
{
{{𝑛0 + 𝒑 + 1

2(𝒑2 ± 𝑟2)𝑛∞
𝒏̂ + 𝑑𝑛∞
𝑛∞

(1)

where ∝ means equal up to a nonzero scale factor, 𝒑 ∈ ℝ𝑛 is a point, 𝑟 > 0 is a radius,
𝒏̂  is a unit normal vector in ℝ𝑛 and 𝑑 ∈ ℝ is a distance.

Proof. A general nonzero vector is of the form

𝑋 = 𝑋0𝑛0 + 𝒑 + 𝑋∞𝑛∞

where 𝑋0, 𝑋∞ ∈ ℝ and 𝒑 ∈ span{𝑒1, …, 𝑒𝑛} ≅ ℝ𝑛 is a vector in the base space.

1. Case 𝑋0 ≠ 0. The normalised form 𝑋̂ = 𝑋/𝑋0 is

𝑋̂ = 𝑛0 + 𝒑 + 𝑋∞𝑛∞, 𝑋̂ 2 = ∓𝑟2

where 𝒑 and 𝑋∞ have been rescaled.
1.1. Case 𝑋∞ < 1

2𝒑
2. There is some 𝑟 > 0 such that 𝑋∞ = 1

2𝒑
2 − 1

2𝑟
2.

𝑋̂ = 𝑛0 + 𝒑 +
1
2(𝒑

2 − 𝑟2)𝑛∞, 𝑋̂ 2 = 𝑟2 > 0

1.2. Case 𝑋∞ = 1
2𝒑
2.

𝑋̂ = 𝑛0 + 𝒑 +
1
2𝒑

2𝑛∞, 𝑋̂ 2 = 0

1.3. Case 𝑋∞ > 1
2𝒑
2. There is some 𝑟 > 0 such that 𝑋∞ = 1

2𝒑
2 + 1

2𝑟
2.

𝑋̂ = 𝑛0 + 𝒑 +
1
2(𝒑

2 + 𝑟2)𝑛∞, 𝑋̂ 2 = 𝑟2 < 0

2. Case 𝑋0 = 0.

𝑋 = 𝒑 + 𝑋∞𝑛∞, 𝑋 2 = 𝒑2 > 0
2.1. Case ‖𝒑‖ ≠ 0. The normalised form 𝑋̂ = 𝑋/‖𝒑‖ is

𝑋̂ = 𝒏̂ + 𝑑𝑛∞, 𝑋̂ 2 = 𝒏̂2 = 1 > 0

where 𝒏̂ ≔ 𝒑/‖𝒑‖ and 𝑑 ≔ 𝑋∞/‖𝒑‖.
2.2. Case ‖𝒑‖ = 0. Over a nondegenerate base space, this implies 𝑝 = 0 so that

𝑋̂ = 𝑛∞, 𝑋̂ 2 = 0

where 𝑋̂ = 𝑋/𝑋∞. ∎
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