
The Faddeev–LeVerrier algorithm
The Faddeev–LeVerrier algorithm may be used to determine the inverse, determinant, and
characteristic polynomial of an 𝑛 × 𝑛 matrix. The algorithm terminates in 𝑛 steps, where each
step involves a single matrix multiplication and only integer division. It works like magic!

Faddeev-LeVerrier algorithm

1 given an 𝑛 × 𝑛 matrix 𝐴
2 𝑐𝑛 ≔ 1
3 𝑁 ← 𝟘
4 for 𝑘 ∈ (𝑛 − 1,…, 1, 0)
5 𝑁 ← 𝑁 + 𝑐𝑘+1𝕀
6 𝑐𝑘 ≔ 1

𝑘−𝑛 tr(𝐴𝑁)
7 return
8 𝐴−1 = −𝑁/𝑐0
9 det(𝐴) = (−1)𝑛𝑐0

10 𝜒(𝜆) = ∑𝑛
𝑘=0 𝑐𝑘𝜆

𝑘

Also refer to a Julia implementation.

Derivation

Start with the characteristic polynomial of 𝐴.

𝜒(𝜆) = det(𝜆𝕀 − 𝐴) =∑
𝑛

𝑘=0
𝑐𝑘𝜆𝑘

Useful fact.

The adjunct of a matrix, adj(𝑋), satisfies det(𝑋)𝕀 = 𝐴adj(𝑋).

If 𝐴 is 𝑛 × 𝑛, then det(𝑋), and hence the entries of 𝑋 adj(𝑋), are degree 𝑛 polynomials in
the entries of 𝐴. Hence, the entries of adj(𝑋) are degree 𝑛 − 1 polynomials.

The entries of 𝑁(𝜆) ≔ adj(𝜆𝕀 − 𝐴) are 𝜆-polynomals of order 𝑛 − 1, so 𝑁(𝜆) = ∑𝑛−1
𝑘=0 𝑁𝑘𝜆

𝑘

where 𝑁𝑘 are matrices. From det(𝜆𝕀 − 𝐴)𝕀 = (𝜆𝕀 − 𝐴)𝑁(𝜆),

det(𝜆𝕀 − 𝐴)𝕀 = (𝜆𝕀 − 𝐴)∑
𝑛−1

𝑘=0
𝑁𝑘𝜆𝑘

= −𝐴𝑁0 +∑
𝑛−1

𝑘=1
(𝑁𝑘−1 −𝐴𝑁𝑘)𝜆𝑘 +𝑁𝑛−1𝜆𝑛

Equating coefficients of 𝜆 with 𝜒(𝜆)𝕀, we obtain:

𝑐0𝕀 = − 𝐴𝑁0
𝑐𝑘𝕀 = 𝑁𝑘−1 −𝐴𝑁𝑘
𝑐𝑛𝕀 = 𝑁𝑛−1

To remember these, just write 𝑐𝑘𝕀 = 𝑁𝑘−1 −𝐴𝑁𝑘 for all 0 ≤ 𝑘 ≤ 𝑛 with the understanding that 
𝑁𝑘 vanishes outside the range 0 ≤ 𝑘 ≤ 𝑛 − 1. Equivalently,

𝑁𝑘 = 𝑁𝑘+1 − 𝑐𝑘+1𝕀

gives a descending recurrence relation for 𝑁𝑘 in terms of the coefficients 𝑐𝑘.

Finding 𝑐𝑘 in terms of 𝐴 and 𝑁𝑘
This stroke of genious is due to (Hou, 1998).

Useful fact: Laplace transform of derivative.

ℒ{𝑓 ′(𝑡)}(𝑠) = ∫
∞

0
𝑓 ′(𝑡)𝑒−𝑠𝑡 d𝑡

= 𝑓(𝑡)𝑒−𝑠𝑡|∞
𝑡=0
+ 𝑠∫

∞

0
𝑓(𝑡)𝑒−𝑠𝑡 d𝑡

= −𝑓(0) + 𝑠ℒ{𝑓(𝑡)}(𝑠)

Consider

d𝑒𝐴𝑡

d𝑡
= 𝐴𝑒𝐴𝑡

and perform the Laplace transform to obtain

−𝕀 + 𝑠ℒ{𝑒𝐴𝑡} = 𝐴ℒ{𝑒𝐴𝑡}

and finally take the trace:

𝑠 trℒ{𝑒𝐴𝑡} − 𝑛 = tr(𝐴ℒ{𝑒𝐴𝑡}) (1)

Useful fact: the trace of a matrix exponential in terms of eigenvalues.

If 𝜆𝑖 are the eigenvalues of 𝐴 then tr(𝐴) = ∑𝑖 𝜆𝑖. Also, 𝐴 can be put in Jordan normal form 
𝐴 = 𝑃𝐽𝑃−1 where J is triangular with diag(𝐽) = (𝜆1,…, 𝜆𝑛). Since it is triangular, 
diag(𝐽𝑘) = (𝜆𝑘1,…, 𝜆𝑘𝑛).

Therefore, tr(𝐴𝑘) = tr(𝑃𝐽𝑘𝑃−1) = tr(𝐽𝑘𝑃−1𝑃) = tr(𝐽𝑘) = ∑𝑛
𝑖=1 𝜆

𝑘
𝑖 .

Consequently, tr(𝑒𝐴𝑡) = ∑∞
𝑘=0

𝑡𝑘
𝑘! tr(𝐴

𝑘) = ∑∞
𝑘=0

𝑡𝑘
𝑘!∑

𝑛
𝑖=1 𝜆

𝑘
𝑖 = ∑

𝑛
𝑖=1 𝑒

𝜆𝑖𝑡.

We now compute the terms in Equation 1.

ℒ{𝑒𝐴𝑡} = ∫
∞

0
𝑒(𝐴−𝑠𝕀)𝑡 d𝑡 = (𝐴 − 𝑠𝕀)−1𝑒(𝐴−𝑠𝕀)𝑡|

∞

𝑡=0
= (𝑠𝕀 − 𝐴)−1

Caution.

I’m uncomfortable with these indefinite integrals. Why should lim𝑡→∞ 𝑒(𝐴−𝑠𝕀)𝑡 converge?

Note that from 𝜒(𝜆) = det(𝜆𝕀 − 𝐴) = (𝜆𝕀 − 𝐴)𝑁(𝜆) we have

(𝜆𝕀 − 𝐴)−1 =
𝑁(𝜆)
𝜒(𝜆) (2)

Let (𝜆1,…, 𝜆𝑛) be the eigenvalues of 𝐴. Then 𝐴− 𝑠𝕀 has eigenvalues 𝜆𝑖 − 𝑠.

trℒ{𝑒𝐴𝑡} = ∫
∞

0
tr 𝑒(𝐴−𝑠𝕀)𝑡 d𝑡 =∑

𝑛

𝑖=1
∫
∞

0
𝑒(𝜆𝑖−𝑠)𝑡 d𝑡 =∑

𝑛

𝑖=1

1
𝑠 − 𝜆𝑖

Recall that the roots of the characteristic polynomial of 𝐴 are its eigenvalues, so 𝜒(𝑠) =
∏𝑛
𝑖=1(𝑠 − 𝜆𝑖).

trℒ{𝑒𝐴𝑡} =∑
𝑛

𝑖=1

d
d𝑠
ln(𝑠 − 𝜆𝑖) =

d
d𝑠
ln(∏

𝑛

𝑖=1
(𝑠 − 𝜆𝑖)) =

d
d𝑠
ln 𝜒(𝑠) =

𝜒′(𝑠)
𝜒(𝑠) (3)

Substituting Equation 2 and Equation 3 into Equation 1, we have

𝑠𝜒′(𝑠) − 𝑛𝜒(𝑠) = tr(𝐴𝑁(𝜆))

∑
𝑛

𝑘=0
(𝑘 − 𝑛)𝑐𝑘𝑠𝑘 =∑

𝑛−1

𝑘=0
tr(𝐴𝑁𝑘)𝑠𝑘

which, expanding and equating powers of 𝜆,

𝑐𝑘 =
tr(𝐴𝑁𝑘)
𝑘 − 𝑛

for all 0 ≤ 𝑘 ≤ 𝑛 where we define 𝑁𝑛 = 0.

Final algorithm

Useful fact.

𝜒(𝜆) = 𝑐0 +⋯+ 𝑐𝑛−1𝜆𝑛−1 + 𝑐𝑛𝜆𝑛

= det(−𝐴) + ⋯+ tr(−𝐴)𝜆𝑛−1 + 𝜆𝑛

𝑐0 = (−1)
𝑛 det(𝐴), 𝑐𝑛−1 = −tr(𝐴), 𝑐𝑛 = 1

Visual summary

equate coefficients iterate

det(𝜆𝕀 − 𝐴) =∑
𝑛

𝑘=0
𝑐𝑘𝜆𝑘

𝑁(𝜆) =∑
𝑛−1

𝑘=0
𝑁𝑘𝜆𝑘

det𝑋 = 𝑋 adj𝑋

𝑐𝑘𝕀 = 𝑁𝑘−1 −𝐴𝑁𝑘 ℒ{𝑒𝐴𝑡} = (𝑠𝕀 − 𝐴)−1

trℒ{
d𝑒𝐴𝑡

d𝑡
}

𝑠 trℒ{𝑒𝐴𝑡} − 𝑛 = tr(𝐴ℒ{𝑒𝐴𝑡})

𝑐𝑘 =
tr(𝐴𝑁𝑘)
𝑘 − 𝑛

𝑐0,…, 𝑐𝑛
𝑁0,…,𝑁𝑛−1

𝐴−1 = −𝑁0/𝑐0
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