
The minimum number of steps required for the
Faddeev–LeVerrier multivector inverse algorithm
The Faddeev–LeVerrier inverse algorithm may be used to find the inverse of an 𝑛 × 𝑛
matrix 𝐴 in exactly 𝑛 steps (with one matrix multiplication per step). As input, the
algorithm takes the matrix 𝐴 and the dimension 𝑛. The algorithm succeeds if and only if
an inverse exists.

This method can be used to invert elements in a geometric algebra 𝒜 by considering a
linear representation 𝜌 : 𝒜 → GL(𝑛).

For best performance, we would like to know the minimum number of steps required by
the algorithm for a given multivector.

Trivial cases

Trivially, real scalars admit a one-dimensional linear representation, and the method takes
a single step.

If an element 𝐴 has a scalar square 𝐴2 ∈ ℝ, then its inverse is trivially 𝐴−1 = 𝐴/𝐴2.
Additionally, since 𝐴2𝑛 ∈ ℝ and 𝐴2𝑛+1 ∝ 𝐴, the algebraic closure of 𝐴 is ⟦𝐴⟧ = ℝ ⊕
span{𝐴} and hence there exists a two dimensional representation 𝜌 : ⟦𝐴⟧ → GL(2). Any 𝑘-
vector with 𝑘 ∈ {0, 1, 𝑑 − 1, 𝑑} has scalar square and hence can be inverted in two steps.

General cases

Any geometric algebra over a 𝑑-dimensional vector space is itself 2𝑑-dimensional, so by the
existence of the standard linear representation we know the algorithm works in 2𝑑 steps.
However, this can be reduced to 2⌈𝑑/2⌉ for a general 𝑑-dimensional multivector (Prodanov,
2024).

From numerical simulations

From numerical testing in non-degenerate geometric algebras in ≤ 13 dimensions, we have
seen that even multivectors may be inverted in 2⌊𝑑/2⌋ steps. Furthermore, for homogeneous
multivectors of a given grade, the minimum number of steps is shown in Table 1.

𝑑
𝑘 0 1 2 3 4 5 6 7 8 9 10 11 12 13 full even

0 1 1 1

1 1 2 2 1

2 1 2 2 2 2

3 1 2 2 2 4 2

4 1 2 4 2 2 4 4

5 1 2 4 4 2 2 8 4

6 1 2 8 8 4 2 2 8 8

7 1 2 8 16 8 8 2 2 16 8

8 1 2 16 16 16 16 16 2 2 16 16

9 1 2 16 16 16 32 16 16 2 2 32 16

10 1 2 32 16 16 32 32 16 16 2 2 32 32

11 1 2 32 32 16 32 32 32 16 32 2 2 64 32

12 1 2 64 32 32 32 64 32 32 32 64 2 2 64 64

13 1 2 64 64 32 64 64 64 32 64 64 64 2 2 128 64

Table 1:  Minimum number of steps required to invert a 𝑑-
dimensional 𝑘-vector (for any non-degenerate metric).
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