Spacetime algebra

The spacetime basis vectors 42 = —y2 = +1 for i € {1,2,3} and T
—7;7; for i # j.
# = £, such that y#v, = 1 for each of 1 € {0,1,2,3}.
The relative vectors G, := v,7° and 3% := v,7".
The pseudoscalar I := vy7v;7573-

The relative vectors d; for i € {1,2, 3} form a basis for the geometric
algebra of 3d space.

32 = (o ) =1foreach: € {1,2,3}.

I = v71Y27s = 318205 and —1 = 7%414?+* = 515253
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Maxwell’s equations

+ The Faraday bivector F' = E + cIB where E = E', and B= BiG,.
« The 4-current J = J, v* where J, = % and J,3° = —cpy7.
» Maxwell’s equation OF = J.

Perform a spacetime split by left-multiplying by ~,.

YOF =oJ
— (2219 (B+aB) = 4, + 5
~ \cot ¢ BRCE
10E - B,
=-— E+I1— IB=——
oot T VETIG TV ~ T CHoJ
Using - and A in the sense of the 3d algebra, note that VE=V.-E+VAE
(0) (2)

and

(1) 3)
= (IVB), + (IVB),
=1(VB), + [(VB),
=IVAB +1IV-B
(1) (3)

Separate the spacetime split Maxwell equation into grades:

Grade Projection
0 V.-E= £
1 %@4—0]1@/\1?:—0”0]
2 VAE+IZ =0
3 IV-B=

Using the relation & A ¥ = ]I(ﬁ X B) with the vector cross product, these take
the traditional form:

GauB’s law V.E=F
€o
- 1 0F OF
A % ’ 1 B: 7 - = e _
mpere’slaw VX B =il t 5, ”O(ﬁs”at)
Lo OB
Faraday’s law VxE=—-"2
ot
V-B=0

Summary:

If E and B are the electric and magnetic fields, p is charge density, and 7 is
current density,

« F=E +clBis the Faraday bivector, and

o J = %’yo — cpjsY' is the charge 4-current,

then Maxwell’s equations are OF = J.



Electromagnetic plane waves

A solution to F = 0 is
F = Asin(wt — kz) (5, + 15,)

which is a plane wave moving in the +2« direction, with E oscillating along +y
and B along +2z.
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This vanishes if and only if £ = .
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