
Spacetime algebra

Define:

• The spacetime basis vectors 𝛾2
0 = −𝛾2

𝑖 = ±1 for 𝑖 ∈ {1, 2, 3} and 𝛾𝑖𝛾𝑗 =
−𝛾𝑖𝛾𝑗 for 𝑖 ≠ 𝑗.

• 𝛾𝜇 = ±𝛾𝜇 such that 𝛾𝜇𝛾𝜇 = 1 for each of 𝜇 ∈ {0, 1, 2, 3}.
• The relative vectors 𝜎⃗𝑖 ≔ 𝛾𝑖𝛾0 and 𝜎⃗𝑖 ≔ 𝛾0𝛾𝑖.
• The pseudoscalar 𝕀 ≔ 𝛾0𝛾1𝛾2𝛾3.

Note:

• The relative vectors 𝜎⃗𝑖 for 𝑖 ∈ {1, 2, 3} form a basis for the geometric
algebra of 3d space.

• 𝜎⃗2
𝑖 = (𝜎⃗𝑖)2 = 1 for each 𝑖 ∈ {1, 2, 3}.

• 𝕀 = 𝛾0𝛾1𝛾2𝛾3 = 𝜎⃗1𝜎⃗2𝜎⃗3 and −𝕀 = 𝛾0𝛾1𝛾2𝛾3 = 𝜎⃗1𝜎⃗2𝜎⃗3

Define:

𝜕 ≔ 𝛾𝜇𝜕𝜇 ≡ ∑
3

𝜇=0
𝛾𝜇 𝜕

𝜕𝑥𝜇

∇⃗ ≔ 𝜎⃗𝑖𝜕𝑖 = ∑
3

𝑖=1
𝜎⃗𝑖 𝜕

𝜕𝑥𝑖

Note:

𝛾0𝜕 = 𝜕0 + ∇⃗ = 1
𝑐

𝜕
𝜕𝑡

+ ∇⃗

𝜕𝛾0 = 𝜕0 − ∇⃗ = 1
𝑐

𝜕
𝜕𝑡

− ∇⃗



Maxwell’s equations

Define:

• The Faraday bivector 𝐹 = ⃗𝐸 + 𝑐𝕀𝐵⃗ where ⃗𝐸 = 𝐸𝑖𝜎⃗𝑖 and 𝐵⃗ = 𝐵𝑖𝜎⃗𝑖.
• The 4-current 𝐽 = 𝐽𝜇𝛾𝜇 where 𝐽0 = 𝜌

𝜀0
 and 𝐽𝑖𝜎⃗𝑖 = −𝑐𝜇0 ⃗𝑗.

• Maxwell’s equation 𝜕𝐹 = 𝐽 .

Derive:

Perform a spacetime split by left-multiplying by 𝛾0.

𝛾0𝜕𝐹 = 𝛾0𝐽

= (1
𝑐

𝜕
𝜕𝑡

+ ∇⃗)( ⃗𝐸 + 𝑐𝕀𝐵⃗) = 𝐽0 + 𝜎⃗𝑖𝐽𝑖

= 1
𝑐

𝜕 ⃗𝐸
𝜕𝑡

+ ∇⃗ ⃗𝐸 + 𝕀𝜕𝐵⃗
𝜕𝑡

+ 𝑐∇⃗𝕀𝐵⃗ = 𝜌
𝜀0

− 𝑐𝜇0 ⃗𝑗

Using ⋅ and ∧ in the sense of the 3d algebra, note that ∇⃗ ⃗𝐸 = ∇⃗ ⋅ ⃗𝐸⏟
(0)

+ ∇⃗ ∧ ⃗𝐸⏟
(2)

and

∇⃗𝕀𝐵⃗ = ∇⃗ ⋅ 𝕀𝐵⃗⏟
(1)

+ ∇⃗ ∧ 𝕀𝐵⃗⏟
(3)

= ⟨𝕀∇⃗𝐵⃗⟩1 + ⟨𝕀∇⃗𝐵⃗⟩3

= 𝕀⟨∇⃗𝐵⃗⟩2 + 𝕀⟨∇⃗𝐵⃗⟩0

= 𝕀∇⃗ ∧ 𝐵⃗⏟
(1)

+ 𝕀∇⃗ ⋅ 𝐵⃗⏟
(3)

Separate the spacetime split Maxwell equation into grades:

Grade Projection

0 ∇⃗ ⋅ ⃗𝐸 = 𝜌
𝜀0

1 1
𝑐

𝜕𝐸⃗
𝜕𝑡 + 𝑐𝕀∇⃗ ∧ 𝐵⃗ = −𝑐𝜇0 ⃗𝑗

2 ∇⃗ ∧ ⃗𝐸 + 𝕀𝜕𝐵⃗
𝜕𝑡 = 0

3 𝕀∇⃗ ⋅ 𝐵⃗ = 0

Using the relation 𝑢⃗ ∧ ⃗𝑣 = 𝕀(𝑢⃗ × ⃗𝑏) with the vector cross product, these take
the traditional form:

Gauß’s law ∇⃗ ⋅ ⃗𝐸 = 𝜌
𝜀0

Ampère’s law ∇⃗ × 𝐵⃗ = 𝜇0 ⃗𝑗 + 1
𝑐2

𝜕 ⃗𝐸
𝜕𝑡

= 𝜇0( ⃗𝑗 + 𝜀0
𝜕 ⃗𝐸
𝜕𝑡

)

Faraday’s law ∇⃗ × ⃗𝐸 = −𝜕𝐵⃗
𝜕𝑡

∇⃗ ⋅ 𝐵⃗ = 0

Summary:

If ⃗𝐸 and 𝐵⃗ are the electric and magnetic fields, 𝜌 is charge density, and ⃗𝑗 is
current density,
• 𝐹 = ⃗𝐸 + 𝑐𝕀𝐵⃗ is the Faraday bivector, and
• 𝐽 = 𝜌

𝜀0
𝛾0 − 𝑐𝜇0𝑗𝑖𝛾𝑖 is the charge 4-current,

then Maxwell’s equations are 𝜕𝐹 = 𝐽 .



Electromagnetic plane waves

A solution to 𝜕𝐹 = 0 is

𝐹 = 𝐴 sin(𝜔𝑡 − 𝑘𝑥)(𝜎⃗𝑦 + 𝕀𝜎⃗𝑧)

which is a plane wave moving in the +𝑥 direction, with ⃗𝐸 oscillating along +𝑦
and 𝐵⃗ along +𝑧.

Derive:

𝜕𝐹 =

{
{{
{
{{
{(3)

(2)

(1)
(0)

0
0
∇⃗

1
𝑐

𝜕
𝜕𝑡}

}}
}
}}
}

𝐴 sin(𝜔𝑡 − 𝑘𝑥)

{{
{{
{{
{(3)

(2)
(1)
(0)

0
𝕀𝜎⃗𝑧
𝜎⃗𝑦
0 }}

}}
}}
}

= 𝐴 sin(𝜔𝑡 − 𝑘𝑥)

{{
{{
{{
{(3)

(2)
(1)
(0)

0
0

−𝑘𝜎⃗𝑥
1
𝑐𝜔 }}

}}
}}
}

{{
{{
{{
{(3)

(2)
(1)
(0)

0
𝕀𝜎⃗𝑧
𝜎⃗𝑦
0 }}

}}
}}
}

= 𝐴 sin(𝜔𝑡 − 𝑘𝑥)

{
{{
{
{{
{(3)

(2)
(1)
(0)

−𝑘𝜎⃗𝑥 ∧ 𝕀𝜎⃗𝑧
𝜔
𝑐 𝕀𝜎⃗𝑧 − 𝑘𝜎⃗𝑥 ∧ 𝜎⃗𝑦

𝜔
𝑐 𝜎⃗𝑦 − 𝑘𝜎⃗𝑥 ⋅ (𝕀𝜎⃗𝑧)

−𝑘𝜎⃗𝑥 ⋅ 𝜎⃗𝑦 }
}}
}
}}
}

= 𝐴 sin(𝜔𝑡 − 𝑘𝑥)

{
{{
{
{{
{(3)

(2)

(1)
(0)

0
(𝜔

𝑐 − 𝑘)𝜎⃗𝑥𝜎⃗𝑦
(𝜔

𝑐 − 𝑘)𝜎⃗𝑦
0 }

}}
}
}}
}

This vanishes if and only if 𝑘 = 𝜔
𝑐 .
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