Multivector Conjugation

Lemma. Conjugation by a 1-vector u is a reflection. In terms of the projections and

rejections,

wAut = (ATv)F = (4l

for any multivector A.

Proof. Assume A is a k-vector and then use linearity to extend to general multivectors.

Using the projection and rejection to write A = A% + Al*, we have

uAtr =y A ALY = (A)* Au = (AM)*u

and similarly

—_—

uAl =y | Al = AT | 4 =5, 15, A% | u = —(=1)FAI | 4 = — (A [ u = —(A*)*u

where s, is the reversion sign. Summing and left-multiplying by u ™! gives the result. I

Lemma. Conjugation by an invertible multivector s is an automorphism.

Proof. Let a,b € G be general multivectors. then sabs™ = (sas™)(sbs™!). I

In particular, this means multivector conjugation is grade-preserving.


https://jaw213.user.srcf.net/notes/multivector-proj-rej
https://jaw213.user.srcf.net/notes/multivector-proj-rej
https://jaw213.user.srcf.net/notes/multivector-proj-rej
https://jaw213.user.srcf.net/notes/reversion-sign

Kinds of reflection

We can combine incident/orthogonal components in various ways to obtain various

reflections:
ultd —ylld = Ay A1 reflect v within A
uld — 14 = —A*y A1 reflect w across A
Atv — Alle = g A*q 1 reflect A within
Allv — Alv — gy A%t reflect A across u

To show these, use the definitinos from [multivector-proj-rej] and the lemma in
[reversion-sign]. For example:
utd —ylid = (u/\A—uJA)A !
A nu—Alu)at
= (A* Au — 55,1 A | u)A™?
=(A*Au+A*|u)A?
= A*u A1
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