
Multivector derivative identities

Lemma. If 𝑃 : 𝐺 → 𝐺 is a projection on a geometric algebra 𝐺, then

𝑃(𝜕𝑋)𝑋 = 𝜕𝑋𝑃(𝑋) = dim𝑃(𝐺)

where 𝑃(𝐺) = {𝑃(𝑎) | 𝑎 ∈ 𝐺}.

Proof. Without loss of generality, choose a basis {𝑒1, …, 𝑒𝑁} for the entire geometric
algebra 𝐺 such that 𝑃 is defined by 𝑃(𝑒𝑖) = 𝑒𝑖 for 1 ≤ 𝑖 ≤ 𝑘 and 𝑃(𝑒𝑖) = 0 for 𝑘 < 𝑖 ≤ 𝑁 .
(If 𝐺 is over a base vector space 𝑉 then 𝑁 = 2dim𝑉.) We therefore have
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𝑖=𝑘+1
0 = 𝑘

and similarly for 𝑃(𝜕𝑋)𝑋  if we simiply choose the reciprocal basis {𝑒𝑖} to have the desired
properties instead of {𝑒𝑖}. ∎

Corollary. Let 𝐴 ∈ 𝐺 be a multivector and let dim𝐺 = 2𝑛.

1
2𝑛𝜕𝑋𝐴𝑋 = ⟨𝐴⟩0 +{

⟨𝐴⟩𝑛 if 𝑛 odd
0 if 𝑛 even

Proof. Let 𝐴 = 𝐴0 +∑𝑖 𝐴𝑖 + 𝐴𝑛 be a sum of blades 𝐴𝑖 with scalar part 𝐴0 = ⟨𝐴⟩0 and
pseudoscalar part 𝐴𝑛 = ⟨𝐴⟩𝑛. We can decompose the multivector operator 𝜕𝑋 into parts
which (anti)commute with a given blade.
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We use Lemma 1 to obtain Z±𝐴𝑖(𝜕𝑋)𝑋 = dimZ±𝐴𝑖(𝐺). Finally, from the note on the
dimension of (anti)centralizers of blades, we know that dimZ+𝐴𝑖(𝐺) = dimZ

−
𝐴𝑖(𝐺) for all

blades 𝑖 ∉ {0, 𝑛}, and also for 𝑖 = 𝑛 if 𝑛 is even. Those terms vanish. We also have
dimZ+𝐴𝑖(𝐺) = dim𝐺 and dimZ−𝐴𝑖(𝐺) = 0 for scalars 𝑖 = 0, and also for pseudoscalars 𝑖 = 𝑛
if 𝑛 is odd. Since dim𝐺 = 2𝑛 the result follows. ∎

Corollary. If 𝑅 ∈ 𝐺 is an 𝑛-dimensional even multivector:

𝜕𝑋𝑅𝑋 = 2𝑛⟨𝑅⟩0

Proof. Special case of Corollary 2. ∎

Lemma. For a 𝑘-blade 𝐴 and 1-vector 𝑢,

𝜕𝑢𝐴𝑢 = (𝑛 − 2𝑘)𝐴⋆

Proof. This uses the same trick: split 𝑢 into parts which (anti)commute with 𝐴, rearrange,
and apply Lemma 1. The problem reduces to finding the dimensions of (anti)centralizers.

𝜕𝑢𝐴𝑢 = 𝜕𝑢𝐴{Z
+
𝐴 (𝑢) + Z−𝐴(𝑢)}

= 𝜕𝑢{Z
+
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= {dimZ+𝐴 (𝑉) − dimZ−𝐴(𝑉)}𝐴

= 𝐴{dim𝑉
⟂𝐴 − dim𝑉∥𝐴 if 𝐴 even

dim𝑉∥𝐴 − dim𝑉⟂𝐴 if 𝐴 odd

= 𝐴{(𝑛 − 𝑘) − 𝑘 if 𝑘 even𝑘 − (𝑛 − 𝑘) if 𝑘 odd

= (𝑛 − 2𝑘)(−1)𝑘𝐴 = (𝑛 − 2𝑘)𝐴⋆

Here, 𝑉 = ⟨𝐺⟩1 is the base space of 1-vectors. If 𝐴 is even, then vectors perpendicular to
all directions in 𝐴 commute (dimZ+𝐴 (𝑉) = dim𝑉⟂𝐴) and otherwise anticommute
(dimZ−𝐴(𝑉) = dim𝑉∥𝐴 = 𝑛 − dim𝑉⟂𝐴). The opposite holds for 𝐴 odd. ∎

Lemma. For a 𝑘-vector 𝐴 and 𝑞-vector 𝐵,

𝜕𝐴𝐵𝐴 = [2 ∑
𝑚 even

( 𝑞𝑚)(
𝑛 − 𝑞
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Proof.

𝜕𝐴𝐵𝐴 = 𝜕𝐴𝐵{Z
+
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= 𝜕𝐴{Z
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= {dimZ+𝐵(⟨𝐺⟩𝑘) − dimZ−𝐵(⟨𝐺⟩𝑘)}𝐵

The terms dimZ±𝐵(⟨𝐺⟩𝑘) are given by the number of (anti)commiting blades.

𝜕𝐴𝐵𝐴 = {2𝑊𝑛𝑘𝑞 − (
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where 𝑊𝑛𝑞𝑘 = ∑𝑚 even(
𝑞
𝑚)(

𝑛−𝑞
𝑘−𝑚). ∎
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