Projections and rejections of vectors by blades

Let u be a 1-vector and let A be a blade. We can decompose v into orthogonal components
u = ul + u14 given by
ult = (u | A)A™T = Z(u — A*uA™?)

utt = (uANA)AT = S (u+ A*udY)

N - NII—‘

so that ul4 is contained in A and u'4 is orthogonal to A. The expanded forms follow

immediately from the vector product identities.

Lemma.
1) u= uld 4 L4
2) Ut AA=ut]A=0

3) (u||A) A _ u”A, (uJ_A) 14 _ ’U,J‘A, ( J.A)”A (u||A) =0

Proof. The first part is trivial. For 2), assume A is a k-blade and write:
ulAA=((u]A) A‘1A>k+1 =(u] A, =0
ut | A=((unA)A 1A>k1 (unNA),_,=0

To show that these are projections, note that

(wh)* = (u* & AuFAT) = 2 (u £ AuA™ £ AuAT 4 AAUATIATY)
1
=3 (u £ AuA™t) =u*
where here we write vt = u14 and v~ = uM. Lastly,
(u®)¥ = %(u FAUEATY) = %(u + A UAT F ANUAT — AFAMUATIATY) =0

which shows that u!“ and u14 are orthogonal projections.



https://jaw213.user.srcf.net/notes/ga-product-identities

Projections and rejections of multivectors by vectors

Let u be a 1-vector. We can decompose any multivector A into orthogonal components
A = At + Al% given by
Al = (Alu)u™ = (A —ud*u™)

At = (AAu)ut = 2 (A+ud*u™?)

N~ N

so that Al* contains v and A% is orthogonal to u. The expanded forms follow

immediately from the vector product identities.

Lemma.

1) A= Allv 4 Al

2) uNAlF =y | A =0

3) (Auu)llu — A||u’ (AJ_u)J-u — AJ_u, (AJ_u)llu — (A||u)Lu -0

Proof. The first part is trivial. For 2), assume A is of grade k and write:
Al Ay = ((A |_u)u_1u>k+1 =(Alu), =0
Att|u= <(A A u)u_1u>k_1 =(AAu),_, =0

To show that these are projections, note that

(A =y A (u | (u A (u™t ] A))
=uA(ut u) A (u ] A) —uawA (ut ] (ut] 4)) = Al

using the anti-derivation identity. Since (A™*)™* = u | (u=*Au A (u=!] A)) = 0, we have
also (A1%)1 = (A4 A= = 4te 1
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