Number of (anti)commuting blades

How many k-blades (anti)commute with a given g-blade in n dimensions? Or expressed in
terms of (anti)centralizers, what is the dimension of Zi:((G) ;) for a g-blade A?

Theorem. If A is a g-blade in an n-dimensional non-degenerate geometric algebra, then

B Wk if (—1)% = £1 _ g\/n—gq
dim 7 ((G);) = {(z) — W oz, Otherwise where Wy = m;Hl(m) (k — m)

is the number of linearly independent k-blades that (anti)commute with A.

See [number-of-commuting-blades-tests] for numerical verification of this result.

Proof. Without loss of generality, choose an orthonormal basis {e;} such that

A =ejey-e,

and consider the k£ blade

B = €i1€i2"'€ik

where 1 <1, <19 < --- <13 < n. If we count the number of basis k-blades of the form B
which (anit)commute with A, we compute the dimension of the vector space Zj ((G) k).

Let’s rearrange AB into BA step by step.
First consider commuting a single vector e; through the g-blade A, from right to left.

If e; does not appear in A, then it anticommutes through g basis vectors, introducing a factor
of (—1)49. Otherwise, if e; appears in A, it anticommutes ¢ — 1 one times (it commutes with

itself) and introduces a factor of (—1)9~! = —(—1)?. In other words,

. . (—1)q if €; 1A . - +1 if qg<1 . 5(i<q) *
Aoy = e1egregss = eiele2meq{(—l)q_1 ife; | A el —lifi<q (=1 el
where 6(7 < ¢) is 1 if 2 < g and 0 otherwise.
Now commute the k-blade B through A, by repeatedly applying the above.
AB = Aeileiz---eik
= (_1)Q(_1)6(i154)ei1Aei2...eik

= (_1)24(_1)5(ilsq)+5(i2sq)ei1eieria...eik

— (_1)kq(_1)dim(AﬂB)BA

Observe that the 6 (z'j < q) terms count the number of basis vectors {ei 1 eik} which appear

in A = e;ey---e,. This is the same as the dimension of the subspace A N B when viewing the
two blades as vector subspaces.

Our original problem can now be written as
dim z% ((G),) = dim{B € (G), | AB = +BA}
= dim{B € (G), | (-=1)#"4) = £(-1)%}
number of basis k-blades B
- <Where dim(A N B) is {Zj;f ftfl;lvgf:jﬂ>

Recall that dim(A N B) is the number of shared indices in A and B in our orthogonal basis.

This boils down to the the following combinatorics problem: How many ways W,, are

there to select k indices from {1,2,...,n} such that the number of indices in common with
{1,2,...,,q} is even? The answer is

W= 2 () (6 )

where the contributing terms are in the range 0 < m < min(k, q).

Pulling this all together, we have

W kg if (—1)% =1
(%) — Wy otherwise

s

where A is a g-blade. 1
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