
Poincaré half-plane model
Define a metric on the upper half-plane ℝ× (0,∞) by

𝑔 = d𝑥2 +d𝑦2

𝑦2

Transformations in the half-plane which preserve this metric (the isometries) are given by

𝑧 ↦
𝜓 𝑎𝑧 + 𝑏

𝑐𝑧 + 𝑑

where 𝑧 = 𝑥 + 𝑖𝑦, for any real numbers 𝑎, 𝑏, 𝑐, 𝑑. By differentiating this mapping, we find that
tangent vectors transform as

𝛿𝑧 ↦ 𝐽𝛿𝑧 where 𝐽 ≔ 𝑎𝑑 − 𝑏𝑐
(𝑐𝑧 + 𝑑)2

where 𝛿𝑧 is a tangent vector at 𝑧. We can show that the metric is satisfied by this class of
transformation by showing that

𝑔(𝑢, 𝑣)|𝑧 = 𝑔(𝐽𝑢, 𝐽𝑣)|𝜓(𝑧)

For example, an upward ray transforms as:

𝑖𝑒𝑡 ↦ 𝑎𝑖𝑒𝑡 + 𝑏
𝑐𝑖𝑒𝑡 + 𝑑

which, written without reference to complex numbers, is

(𝑥
𝑦) ↦ 1

𝑐2𝑒2𝑡 + 𝑑2
( 𝑎𝑐𝑒2𝑡 + 𝑏𝑑
𝑎𝑑𝑒𝑡 − 𝑏𝑐𝑒𝑡)
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