Probabilistic ranking

Scenario

Suppose there are P players and G games, where each game is between any two (distinct)
players. For the gth game, played between players A, and B,, the game outcome is:

)+l if Ag wins
9 —1if B, wins

Model

We wish to model ¥ by
y, =sign(t,), t,~ N(wAg — wpg,, 1)

where to each player p € {1,..., P} we assign a skill w, € R.

Given this model, the probability of the outcomes given the players’ skills is:
e}
= 1_[ P (y, | w)
g=1
P(y, | W) = /P(yg | tg)P<tg | wAg’ng> dt,
lify, = sign(t )
P t = g g
(45 1 %) {O otherwise
P(tg | wAg,ng> =N<tg | wa, —'ng,l)

We can roll the last three equations into one:

o0
P(y, | W) =/0 N(ygtg | wa, — ws,, 1) dt, = @(yg(wAg - 'ng))

where ®(z) = [ _N(z | 0,1)dz, leading to the final likelihood:

- [T (on -02)

Posterior

The posterior is
e
P(@|9) < P(§ | T)P(@) =N (¥ | tio, To) [ [ 2(v(wa, — w3,))
g=1

for a prior P(w) = N (¥ | uo, Zp). This is hard to sample from.

Gibbs sampling

Introducing performance differences, 7
p(my):/p(mﬂy)p(ﬂy) at

Conditioning on one player’s skill, w,

P(wp | @’,Wg) ocP(ﬁ | wp,ﬁ’g>P(wp | 175) =P(¥ | wW)P(w,)

. N 1 if signt, =y
P(w'|¥,t,) ZN(tg | yg(wAg —ng)>, Pty 19) = {O otherwige ’

Derivative of likelihood

SlogP(y | w) = ZN’(yj<wA]_ —ij))yj <6wAj — 5wBJ.>
oy

55w (3, — ws,) o

=1 j=1
= 6wl Ay
where
+1if 2 = Aj

0 otherwise

A= [EijN (yj (wAj - wa))]ij
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