
Probabilistic ranking

Scenario

Suppose there are 𝑃 players and 𝐺 games, where each game is between any two (distinct)
players. For the 𝑔th game, played between players 𝐴𝑔 and 𝐵𝑔, the game outcome is:

𝑦𝑔 = {+1 if 𝐴𝑔 wins
−1 if 𝐵𝑔 wins

Model

We wish to model ⃗⃗𝑦 by

𝑦𝑔 = sign(𝑡𝑔), 𝑡𝑔 ∼ 𝒩(𝑤𝐴𝑔 − 𝑤𝐵𝑔 , 1)

where to each player 𝑝 ∈ {1, …, 𝑃} we assign a skill 𝑤𝑝 ∈ ℝ.

Given this model, the probability of the outcomes given the players’ skills is:

P(⃗⃗𝑦 | ⃗⃗ ⃗⃗𝑤) = ∏
𝐺

𝑔=1
P(𝑦𝑔 | ⃗⃗ ⃗⃗𝑤)

P(𝑦𝑔 | ⃗⃗ ⃗⃗𝑤) = ∫ P(𝑦𝑔 | 𝑡𝑔)P(𝑡𝑔 | 𝑤𝐴𝑔 , 𝑤𝐵𝑔) d𝑡𝑔

P(𝑦𝑔 | 𝑡𝑔) = {1 if 𝑦𝑔 = sign(𝑡𝑔)
0 otherwise

P(𝑡𝑔 | 𝑤𝐴𝑔 , 𝑤𝐵𝑔) = 𝒩(𝑡𝑔 | 𝑤𝐴𝑔 − 𝑤𝐵𝑔 , 1)

We can roll the last three equations into one:

P(𝑦𝑔 | ⃗⃗ ⃗⃗𝑤) = ∫
∞

0
𝒩(𝑦𝑔𝑡𝑔 | 𝑤𝐴𝑔 − 𝑤𝐵𝑔 , 1) d𝑡𝑔 = Φ(𝑦𝑔(𝑤𝐴𝑔 − 𝑤𝐵𝑔))

where Φ(𝑥) = ∫𝑥
−∞ 𝒩(𝑥 | 0, 1) d𝑥, leading to the final likelihood:

P(⃗⃗𝑦 | ⃗⃗ ⃗⃗𝑤) = ∏
𝐺

𝑔=1
Φ(𝑦𝑔(𝑤𝐴𝑔 − 𝑤𝐵𝑔))

Posterior

The posterior is

P(⃗⃗ ⃗⃗𝑤 | ⃗⃗𝑦) ∝ 𝑃(⃗⃗𝑦 | ⃗⃗ ⃗⃗𝑤)𝑃(⃗⃗ ⃗⃗𝑤) = 𝒩(⃗⃗𝑦 | 𝜇0, Σ0) ∏
𝐺

𝑔=1
Φ(𝑦𝑔(𝑤𝐴𝑔 − 𝑤𝐵𝑔))

for a prior 𝑃(⃗⃗ ⃗⃗𝑤) = 𝒩(⃗⃗𝑦 | 𝜇0, Σ0). This is hard to sample from.

Gibbs sampling

Introducing performance differences, ⃗𝑡

P(⃗⃗ ⃗⃗𝑤 | ⃗⃗𝑦) = ∫ P(⃗⃗⃗⃗𝑤, ⃗𝑡 | ⃗⃗𝑦)P( ⃗𝑡 | ⃗⃗𝑦) d ⃗𝑡

Conditioning on one player’s skill, 𝑤𝑝

P(𝑤𝑝 | ⃗⃗𝑦, ⃗⃗ ⃗⃗𝑤∁
𝑝) ∝ P(⃗⃗𝑦 | 𝑤𝑝, ⃗⃗ ⃗⃗𝑤∁

𝑝)P(𝑤𝑝 | ⃗⃗ ⃗⃗𝑤∁
𝑝) = P(⃗⃗𝑦 | ⃗⃗ ⃗⃗𝑤)P(𝑤𝑝)

P(⃗⃗ ⃗⃗𝑤 | ⃗⃗𝑦) = ∫ P(⃗⃗⃗⃗𝑤 | ⃗⃗𝑦, 𝑤𝑝)P(𝑤𝑝 | ⃗⃗𝑦) d𝑤𝑝

Conditioning on one game’s performance difference, 𝑡𝑔

P(⃗⃗ ⃗⃗𝑤 | ⃗⃗𝑦) = ∫ P(⃗⃗⃗⃗𝑤 | ⃗⃗𝑦, 𝑡𝑔)P(𝑡𝑔 | ⃗⃗𝑦) d𝑡𝑔

P(⃗⃗ ⃗⃗𝑤 | ⃗⃗𝑦, 𝑡𝑔) = 𝒩(𝑡𝑔 | 𝑦𝑔(𝑤𝐴𝑔 − 𝑤𝐵𝑔)), P(𝑡𝑔 | ⃗⃗𝑦) = {1  if sign 𝑡𝑔 = 𝑦𝑔
0  otherwise

Derivative of likelihood

𝛿 log 𝑃(𝑦 | 𝑤) = ∑
𝐺

𝑗=1
𝒩(𝑦𝑗(𝑤𝐴𝑗 − 𝑤𝐵𝑗))𝑦𝑗(𝛿𝑤𝐴𝑗 − 𝛿𝑤𝐵𝑗)

= ∑
𝑃

𝑖=1
∑
𝐺

𝑗=1
𝑦𝑗𝜉𝑖𝑗𝒩(𝑦𝑗(𝑤𝐴𝑗 − 𝑤𝐵𝑗))𝛿𝑤𝑖

= 𝛿𝑤𝑇𝐴𝑦

where

𝜉𝑖𝑗 =
{{
{
{{+1 if 𝑖 = 𝐴𝑗

−1 if 𝑖 = 𝐵𝑗
0 otherwise

𝐴 = [𝜉𝑖𝑗𝒩(𝑦𝑗(𝑤𝐴𝑗 − 𝑤𝐵𝑗))]
𝑖𝑗
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