
Solution space of diagonal quadratic forms

Let Λ = diag(𝜆1, …, 𝜆𝑘). Consider the manifold of solutions 𝑧 ∈ ℝ𝑘 given by:

𝑧𝑇Λ𝑧 = 𝜆1𝑧21 +⋯+ 𝜆𝑘𝑧2𝑘 = 0

Let (𝑝, 𝑞, 𝑟) be the number of entries 𝜆𝑖 which are positive, negative, and zero, respectively. 

Without loss of generality, we can focus on the special case

Λ = +𝟙𝑝 ⊕−𝟙𝑞 ⊕ 𝟘𝑟.

Given a solution for this matrix, we can obtain a solution to any diagonal matrix simply 

by permuting 𝑧 and scaling its components 𝑧𝑖 ↦ 𝑧𝑖/√|𝜆𝑖|.

Define the half 𝑛-sphere by

ℍ𝑛 ≔

{









(




 cos 𝜃1

sin 𝜃1 cos 𝜃2
sin 𝜃1 sin 𝜃2 cos 𝜃3

⋮
sin 𝜃1⋯sin 𝜃𝑛 cos 𝜃𝑛+1
sin 𝜃1⋯sin 𝜃𝑛 sin 𝜃𝑛+1)







∈ ℝ𝑛+1

|






𝜃𝑖 ∈ [0, 𝜋)

}









noting that ℍ0 = {(1)}, ℍ1 = {(cos 𝜃, sin 𝜃) | 0 ≤ 𝜃 < 𝜋}, etc, and 𝜕ℍ𝑛 = 𝕊𝑛−1.

The general set of solutions is then:

𝑧 ∈ {(𝑎𝑢,±𝑎𝑣,𝑤) | 𝑎 ∈ [0,∞), 𝑢 ∈ ℍ𝑝−1, 𝑣 ∈ ℍ𝑞−1, 𝑤 ∈ ℝ𝑟}}
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