
What is a random variable?

𝜎-algebras

Let Ω be a set.

A subset Σ ⊆ 2Ω of the powerset of Ω is a 𝜎-algebra if Σ:
1. contains Ω Ω ∈ Σ
2. is closed under complements 𝑚 ∈ Σ ⟺ 𝑚∁ ∈ Σ
3. is closed under unions 𝑚,𝑛 ∈ Σ ⟹ 𝑚∪ 𝑛 ∈ Σ

It follows that Σ is closed under intersections; 𝑚,𝑛 ∈ Σ ⟹ 𝑚∩ 𝑛 ∈ Σ.

Measures

Let Ω be a set and Σ be a 𝜎-algebra over Ω.

A function 𝜇 : Σ → [0,∞) is called a measure if 𝜇:
1. is non-negative 𝜇(𝑚) ≥ 0
2. additivity 𝜇(𝑚 ∪ 𝑛) = 𝜇(𝑚) + 𝜇(𝑛)

It follows from 𝜇(𝑚 +∅) = 𝜇(𝑚) that 𝜇(∅) = 0.

Random variables

Let 𝜇 be a measure on the 𝜎-algebra Σ over Ω. A random variable is a function

𝑋 : Ω → Ω′

which induces another measure 𝜇′ on the 𝜎-algebra Σ′ over Ω′.

The new 𝜎-algebra is defined by Σ′ = {𝑋(𝑚) | 𝑚 ∈ Σ} ⊆ 2Ω′ and the new measure by
𝜇′(𝑚) = 𝜇(𝑋−1(𝑚)) where 𝑋−1(𝑚) = {𝑛 ∈ Ω | 𝑋(𝑛) ∈ 𝑚} is the preimage.
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