
Reciprocal basis

Let {𝑒𝑖} ⊂ 𝑉 be a basis and ⋅ : 𝑉 × 𝑉 → ℝ a bilinear form.

A reciprocal basis {𝑒𝑖} ⊂ 𝑉 with respect to {𝑒𝑖} and ⋅ satisfies 𝑒𝑖 ⋅ 𝑒𝑖 = 𝛿𝑖𝑗.

The basis {𝑒𝑖} need not be orthogonal.

Solving for the reciprocal basis

There exists some matrix 𝐴 such that 𝑢 ⋅ 𝑣 = 𝑢𝑇𝐴𝑣.

Using matrix notation, 𝐸 = (𝑒1 ⋯ 𝑒𝑛) is an 𝑛 × 𝑛 matrix.

Define:

𝐺 = 𝐸𝑇𝐴𝐸 ⟺ 𝐺𝑖𝑗 = 𝑒𝑇
𝑖 𝐴𝑒𝑗 = 𝑒𝑖 ⋅ 𝑒𝑗

We want to find 𝐸 = (𝑒1 ⋯ 𝑒𝑛) so that:

𝐼 = 𝐸𝑇𝐴𝐸 ⟺ 𝛿𝑖𝑗 = 𝑒𝑇
𝑖 𝐴𝑒𝑗 = 𝑒𝑖 ⋅ 𝑒𝑗

Solve this as 𝐸 = (𝐸𝑇𝐴)−1𝐼 = (𝐸𝑇𝐴𝐸𝐸−1)−1 = (𝐺𝐸−1)−1 = 𝐸𝐺−1 ⇔ 𝑒𝑖 = 𝑒𝑖𝐺−1.

𝐸 = 𝐸𝐺−1 ⟺ 𝑒𝑘 = 𝑒𝑘[𝑒𝑖 ⋅ 𝑒𝑗]−1
𝑖𝑗

See [reciprocal-basis-test] for Julia example.

https://jaw213.user.srcf.net/notes/reciprocal-basis-test
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