
Boosts in spacetime algebra
Define the boost versor as

𝙱𝜻 = exp(1
2𝑒0𝜻)

where 𝜻 ∈ ℝ𝑛 is called the rapidity vector and 𝑒20 = −1, the relativistic velocity 𝜷 =
tanh 𝜻 and the gamma factor 𝛾 = cosh 𝜻 = (1 − 𝜷2)−

1
2 .

For a Euclidean vector 𝒑 = 𝒑⟂ + 𝒑∥ where 𝒑⟂ ⋅ 𝜻 = 0 and 𝒑∥ ∧ 𝜻 = 0:

𝙱𝜻 [𝑒0] = cosh(𝜻)𝑒0 + sinh(𝜻) = 𝛾(𝑒0 + 𝜷)

𝙱𝜻[𝒑⟂] = 𝒑⟂

𝙱𝜻[𝒑∥] = cosh(𝜻)𝒑∥ + sinh(𝜻)𝒑∥𝑒0 = 𝛾(𝒑∥ + 𝜷𝒑∥𝑒0)

𝙱𝜻 [𝒑] = 𝒑⟂ + cosh(𝜻)𝒑∥ + (sinh(𝜻) ⋅ 𝒑)𝑒0

(Numerical checks)

Unboosting a vector

Consider a spacetime vector 𝑥 ∈ ℝ𝑛,1

𝑥 = 𝒙 + 𝑥0𝑒0

with a Euclidean spatial part 𝒙 ∈ ℝ𝑛 and time component 𝑥0 ∈ ℝ. Let its norm be ‖𝑥‖ =

±√|𝒙2 − 𝑥20| to match the sign of 𝑥2.

1. Spacelike. 𝑥2 > 0, or ‖𝒙‖/𝑥0 > 1. Then

𝑥
‖𝑥‖ = 𝙱𝜻[

𝒙
‖𝒙‖]

where 𝜻 = arctanh(𝑥0/𝒙).

Proof. Note that 𝜷 = 𝑥0/𝒙 and 𝛾 = (1 − 𝑥20/𝒙2)
−1

2 = ‖𝒙‖
‖𝑥‖

𝙱𝜻[
𝒙
‖𝒙‖] =

𝛾
‖𝒙‖(𝒙 + 𝒙 ⋅ 𝜷𝑒0) =

1
‖𝑥‖(𝒙 + 𝑥0𝑒0) =

𝑥
‖𝑥‖ ∎

2. Timelike. 𝑥2 < 0, or ‖𝒙‖/𝑥0 < 0. Then

𝑥
‖𝑥‖ = 𝙱𝜻[

𝑒0
‖𝑒0‖

]

where 𝜻 = arctanh(𝒙/𝑥0).

Proof. Note that 𝜷 = 𝒙/𝑥0 and 𝛾 = (1 − 𝒙2/𝑥20)
−1

2 = 𝑥0
‖𝑥‖

𝙱𝜻[
𝑒0
‖𝑒0‖

] = 𝛾
‖𝑒0‖

(𝑒0 + 𝜷) = 1
‖𝑒0‖

𝑥0𝑒0 + 𝒙
‖𝑥‖ = 𝑥

‖𝑥‖ ∎

https://jaw213.user.srcf.net/notes/lsg-tests

	Boosts in spacetime algebra
	Unboosting a vector


