
Variance of a sum of random variables
Let 𝑋  and 𝑌 be random variables.

Var[𝑋] ≔ ⟨(𝑋 − ⟨𝑋⟩)2⟩ = ⟨𝑋 2⟩ − ⟨𝑋⟩2

Then:

Var[𝑋 + 𝑌] = ⟨(𝑋 + 𝑌)2⟩ − ⟨𝑋 + 𝑌⟩2

= ⟨𝑋 2 + 2𝑋𝑌 + 𝑌2⟩ − (⟨𝑋⟩2 + 2⟨𝑋⟩⟨𝑌⟩ + ⟨𝑌⟩2)

= Var[𝑋] + Var[𝑌] + 2(⟨𝑋𝑌⟩ − ⟨𝑋⟩⟨𝑌⟩)

Now, if the random variables 𝑋  and 𝑌 are independent in the sense that 𝜌(𝑋,𝑌) =
𝜌(𝑋)𝜌(𝑌), then the expected value of their product is the product of their expected
values.

⟨𝑋𝑌⟩ = ∫𝑋𝑌𝜌(𝑋,𝑌) d𝑋 d𝑌 = ∫𝑋𝜌(𝑋) d𝑋 ∫𝑌𝜌(𝑌) d𝑌 = ⟨𝑋⟩⟨𝑌⟩

Hence

𝑋 ⟂ 𝑌 ⟹ Var[𝑋 + 𝑌] = Var[𝑋] + Var[𝑌]

where 𝑋 ⟂ 𝑌 ⟺ 𝜌(𝑋,𝑌) = 𝜌(𝑋)𝜌(𝑌).
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